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����� X 5.8 5.9;ES6 ����� ���� !�"
R+C;/ I./0/IP3+ X # $��%&�"�'(�)*���"

RYD;5 O=9IH3 M;275:/5J4 E.M:E8J5>.5 5.8 PB.2 M;/8;75;3 6;5 27H<B18H8; /.9O./I.DD +∞ + ]JE.BI.27EIP3 ; 27=B7:2 8A6./.E.E
RYB;+ 0 · (+∞) = 0 12 α > 0 8.//.EE α · (+∞) = +∞, 2ED+ ,J9@:77H53+ ; D.6.7.EE 8A6./.E.33./ R5.8 E.2E-

����. X7 X M;/8;7 &�"��/0&������"
P (X)C./ O=9IH3 I./0/5J+ 19@ f : X → R

OP99615@ .2.E15 X (f > α)I./0/J ;7 {x ∈ X : f (x) > α} %�!23$" 12
R (f) ;7 f OP99615@ 2'"2!!2���$"2"+

����4 19@ " 3 ��5*!6� "$'$" (X, τ)C6;/ O=9H53 I./0/5J4 12 τ ⊆ P (X) M;/8;7B.5>27.B ./.8.JE /07�" M;/Y8;7=35;3 8=5>IH3+ 8$"'*!6� "2'9$/ B◦ (u, r)
I.//0/J ;7 u 3071<<=5E: r 2H9;B: /07�" 5;�9;" 12

B (u, r) ;7 H9@;5J/@.5 ��'" 5;�9;"+
����< 18/13.77P53 ;BB;4 M=9@ .9@

R
O./.EEJ 6.3E=BE.B.E �!���'*��� '��" � "2'/$!4 6;9@ =6!�*>$��*("2'/$!5.6.7P534 M; /1E.7J3 .9@

〈·, ·〉 : X ×X → ROP99615@4 ;8./@B.+
(i) 〈x, x〉 ≥ 0 8J5>.5 x ∈ X 12 〈x, x〉 = 0 <=5E=2;5 ;33=B4 M; x = 0; (ii) 〈x, y〉 = 〈y, x〉 8J5>.5
x, y ∈ X ; (iii) B097SE.EE x 8.//.EE ;7 〈x, ·〉 : X → R

OP99615@.3 /J5.:BJ2 OH53TJ=5:/=3+
����? 19@

R
O./.EEJ 6.3E=BE.B.E / '���" "2'/$! 5.6.7P534 M; ; 6.3E=BE1B.5 1BE./8.76. 6;5 .9@

‖·‖ : X → R+

OP99615@4 ;8./@B.+ (1) ‖x‖ = 0 <=5E=2;5 ;33=B4 M; x = 0; (2) 8J5>.5 α ∈ R
23;/:B 12 8J5>.5

x ∈ X 6.3E=B .2.E15 ‖αx‖ = |α| ‖x‖ @ (3)
O.55:// ;7 :9@5.6.7.EE M:B=82709 .9@.5/NE/.52194 ;7;7E.E27N/.9.2 x, y ∈ X 8.//.EE ‖x+ y‖ ≤ ‖x‖ + ‖y‖ .

����A 19@ (X, 〈·, ·〉) 23;/:BJ227=B7;E=2 E1BD.5 ;7 x 6.3E=B M=227;4 6;9@ 5=B8:I;+
‖x‖ .

=
√

〈x, x〉
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X M:B=82709 .9@.5/NE/.5219EN/ ./E.3J5E6. ; 5=B8; ;
J�8:3 5@J/6:56;/� 8�>=5 E./I.2P/5.3+ �.8J5>.5 x, y ∈ X 8.//.EE

|〈x, y〉| ≤ ‖x‖ · ‖y‖
���&��'"�($50$/�%"�$/�25�4 .71BE ; O.5E >.�5J:/E OP99615@ 6;/�D;5 5=B8:E >.�5J:/ XC.5+ �9@;5J2+
0 ≤ 〈x− ry, x − ry〉 = ‖x‖2

+ r2 ‖y‖2 − 2r 〈x, y〉 O.55:// 8J5>.5 r ∈ R
.2.E15+ 17E 8J5E r 36;>YB;EJ3H2 OP99615@1E E.3J5E6.4 M; y 6= 0 ;33=B 4 〈x, y〉2 − 4 ‖y‖2 ‖x‖2 ≤ 0, ;8J 1<< ; �TM�;BE7C.9@.5/NE/.5219+ �55.5 8:B ; M:B=82709 .9@.5/NE/.5219 ‖x+ y‖2 = ‖x‖2 + ‖y‖2 + 2 〈x, y〉 ≤

‖x‖2
+ ‖y‖2

+ 2 ‖x‖ ‖y‖ = (‖x‖ + ‖y‖)2 8�>=5 306.E3.7J3+
����� �6' !"2'$/ .9@ (X,H) <:BE 1BEP534 ;M=/ X .9@ B097SE.EE M;/8;74

H ⊆ P (X) <.>J9 =/@;5 M;/8;7YB.5>27.B4 ;8./@ ./.8315E E;BE;/8;77; ;7 X M;/8;7E4 E=6:DD: ;3:BM:5@
HCD./J M;/8;7 30702B127.J2

HCD./J+ �.E27N/.9.2 A ⊆ X 8.//.EE
cl (A)

.
= ∩{H ∈ H : A ⊆ H}

; DHB=3E1B 96' ! 3$'��*���4 6;9@ �$��'��*  3$'��*���+ ,J/:9=24 M=9@ . DHB=3=<.B:TJ� B.5>./3.7J3 ;7;/:DDJ EH/;I>=52:9=33;/+
(i) A ⊆ cl (A) ; (ii) A ⊆ B ⇒ cl (A) ⊆ cl (B) ; (iii) cl (cl (A)) = cl (A) .1>>J9J 1/.EP53D.5 2=3C2=3 <1/>:E /:EEH53 8:B DHB=3=<.B:TJ�B;+ �/+ /J5.:BJ2 ;/E1B4 3=56.
JE:24 ;OY�5JE:24 E=<=/�9J;J /.7:B:2+

���� ���� !"!
 � !"!

σ#����$"� �� ����%�� ��
%�� 

����� &'()*+,-� ./01234546
=50 X (9$�*

P
&�����'$/>��$'" O1/9@ABA5.3 /$�$�7/!8 &� ��'" � �$"��$"'$ 2� 9�'�$�0 !2" $�$�!7�;/9�25$ $�%��� �25$� � ! >*���6/!"

P
(9$�* $�$� $50$�7"2�$!2/"9

����. �/@.5 <1/>:H/
RC.5 ;7 0227.2 J5E.B6;//H8=3 M;/8;7;4 6;9@ ;7 0227.2 D;/B�/ 7:BE I=DDB�/ 5@S/E J5E.BY6;//H8=3 M;/8;7;+ �NE ;8J5E ; 306.E3.7N ://SE:2 8HE;EI; .7

RnCD.5 J2 J9;7+
����4 :11*;<=� ./0123454> =?@5?A;A /01234546B$50$/ (X,P)

2� (Y,Q)
$50($50 # 2�50C'C9 =!! ' �� (X × Y,P × Q) *� # 2�50C'C9

����< &'()*+,-� .23454D σE234546=50
M ⊆ P (X)

&�����'$/>��$'" 9@ABA5.3 /$�$�7/!8 &� ��'" �� ∪ 2�
r

�C�$�$"$!'$9 F� ��'" �
�$5�������&�"� $50$�7"2�'$ *�8 �!! ' σC9@ABA5.3 /$�$��7!9

����? :11*;<=� .G,=?H I)>;,?<+,- 23454J')6B$50$/ �> "" ��
M

50C'C9$/ $50 {An ∈ M : n ∈ N} &�����'$/>��$'9
=!! ' �2"$�/$! Bn ⊆ An, Bn ∈ M

&����� !8 ��$�0$! >*���6/!"�!8 ∪N
n=1An = ∪N

n=1Bn
�*/>$/

N ∈ N
�$��$""8 750 3$'��$ ∪∞

n=1An = ∪∞
n=1Bn.

K,?@)3*;<=�
B1

.
= A1;B2

.
= A2rB1; . . . ;Bn

.
= Anr∪n−1

k=1Bk.
GJ6./

M
9@ABA4 .71BE Bn ∈ M

4 8./@.3B.Bn ⊆ An8J5>.5 n ∈ N
8.//.EE+ G=2E N 27.BJ5EJ J5>H3TJ�6;/ 8.98HE;EIH34 M=9@ ∪N

n=1An = ∪N
n=1Bn

J2O.55:// ∀N ∈ N
.2.E15+ N = 1 8.//.EE EBJ6J:/J2+ _; N YB. J9;74 ;33=B N + 1YB.+

∪N+1
n=1 An = ∪N

n=1Bn ∪AN+1 = ∪N
n=1Bn ∪

(

AN+1 r ∪N
n=1Bn

)

= ∪N
n=1Bn ∪BN+1 = ∪N+1

n=1 Bn.

17E 3.//.EE D./:E5J+ ❏LB>.8.2 :E9=5>=/5J4 M=9@ EH>H53C. M;2=5/� ://SE:2E J9;7=/5J ;DD;5 ;7 .2.ED.54 M;M
5.8 9@ABAT2;3 O1/9@ABAM- ��9.5-�
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����A &'()*+,-� .A12'J5A6
=50

M ⊆ P (X)
&�����'$/>��$'" ;/9.DB:5;3 /$�$�7/!8 &�

X ∈ M;
A ∈ M ⇒ Ac ∈ M;
An ∈ M, n = 1, .., N⇒ ∪N

n=1An ∈ M.

����� ,J/:9=24 M=9@ .9@ ;/9.DB; 7:BE ; 3P/05D219 12 8.E27.E 8A6./.EB. J24 MJ27.5 A r B = A ∩ Bc 12
A ∩B = (Ac ∪Bc)

c
.

����

M ⊆ P (X) <=5E=2;5 ;33=B ;/9.DB;4 M; 9@ABA 12 X ∈ M.

����� &'()*+,-� .2')'5<1; 234546
�0C'C/$! �$//* 96' ! # 5�� �9 �$�;�� $ r (P) �

P
&�����'$/>��$'" "�'"������ /.927A3.DD 9@ABAE 9

������ :11*;<=�
B$50$/

P
$50 X (9$�* &����� !9�� ���� # 2�50C'C9 =!! '

r (P) =
{

∪N
n=1An : An ∈ P, Ai ∩Aj = ∅, N ∈ N

}

,

���� � 5$/$'��" 50C'C �
P

9%� �$"" >*���6/!" �25$� 6/*�! &������9
K,?@)3*;<=�X 306.E3.7N 2=BB.5>D.5 1B>.8.2 M;/;>5H53+ r (P) 7:BE ;+ · >J27IH53E .9@.2SE12B.@ · 8.E27.EB. �PO1/9@ABA�@ · 3P/05D219B. �P O1/9@ABA�@ · .9@.2SE12B.+X O.5EJ.3 .//.5NB71216./ /:EIH34 M=9@ r (P) .9@ PCE E;BE;/8;7� 9@ABA+ X8.55@JD.5 ;>=EE .9@8:2J3

PCE E;BE;/8;7� 9@ABA4 ;33=B ;55;3 r (P)CE J2 E;BE;/8;75J; 3.//4 MJ27.5 .9@ 9@ABA 7:BE ;7.9@.2SE12B.+ ❏

������ &'()*+,-� .σEA12'J5A6=50
M ⊆ P (X)

&�����'$/>��$'" σC;/9.DB:5;3 /$�$�7/!8 &�
X ∈ M;
A ∈ M ⇒ Ac ∈ M;
An ∈ M, n ∈ N ⇒ ∪∞

n=1An ∈ M.�� (X,M) 3�' � /$�$� 81BM.EN E1B9
�����. X7

M
<=5E=2;5 ;33=B σY;/9.DB;4 M; σY9@ABA 12 X ∈ M.

�����4 &'()*+,-� .�@)@;@) @=?;<136
��

M ⊆ P (X)
&�����'$/>��$'" 8=5=E=5 =27E:/@5;3 � />�6!8 &� ... ⊆ An ⊆ An+1 ⊆ ..., An ∈ M$�$"2/ ∪An ∈ M
2� ... ⊇ An ⊇ An+1 ⊇ ..., An ∈ M

$�$"2/ ∩An ∈ M.

�����< &'()*+,-� .2')'5<1; σEA12'J5A 0= �@)@;@) @=?;<136�;//0$/ ��"&�"�8 & 50 σ(��5$9'�! ��50 � / " /  ��"��0 ! �$"��$"$ *� σ(��5$9'� *��$"�$ � / " /
 ��"��08 750 � σ(��5$9'�/�! �$//*8 ��50 � / " /  ��"��0/�! �$//* *� $50�$50 96' ! # 5�� �9 �$��;�� $ σ (A) ��

A
&�����'$/>��$'" "�'"������ /.927A3.DD σC;/9.DB:E 2� m (M) ��

M
($" "�'"������/.927A3.DD 8=5=E=5 =27E:/@E 9

�����? X7 J2 6J/:9=24 M=9@ .9@ M;/8;7B.5>27.B <=5E=2;5 ;33=B σC9@ABA4 M; 9@ABA 12 8=5=E=5 =27E:/@+1MM.7 T2;3 ∪∞
n=1An = ∪∞

n=1 (∪n
i=1Ai)

127B.61E./ 3.//+
X7 ./N7N 9=5>=/;E O15@1D.5 3P/0502.5 1B>.3.2 ; 306.E3.7N ://SE:24 8./@ 27.BJ5E .9@ 9@ABA 8=Y5=E=5 =27E:/@ DHB3; 9@ABA 8;B;>+ �_;2=5/�;5 <1/>:H/ ;MM=74 M=9@ 3=56.
 M;/8;7 /.7:BEI; 3=56.
8;B;>+�

�����A :11*;<=� .23454 �@)@;@) @=?;<13 JI5>A 23454� .&3)>,)ED �A23 πEλE;0;'166B$50$/
A ⊆ P (X)

$50 50C'C9 =!! ' m (A) 50C'C8 $�2'" σ(50C'C *�9 F�
A

��5$9'�8 �!! ' m (A)
σ(��5$9'�8 750 σ (A) = m (A) .
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K,?@)3*;<=�
�.�5STJ� 27.BJ5E ;7E 8HE;EIH3 8.94 M=9@ D:B8./@ 31E m (A)CD./J M;/8;7 3P/05D219. 12 .9@.2SE12.J2 m (A)CD./J+ 1MM.7 E.E27N/.9.2.5 B097SE.EE B ⊆ X 8.//.EE E.3J5E2P3 ;7

AB
.
= {C ⊆ X : B r C,C rB,C ∪B ∈ m (A)}

M;/8;7B.5>27.BE+ X7E 3.// 8.98HE;E5H534 M=9@ ;3:BM=9@ B097SEP53 C ∈ m (A) M;/8;7E m (A) ⊆
AC

O.55://+ 1MM.7 ./N270B J2 6.9@P3 127B.4 M=9@
(1) C ∈ AB

<=5E=2;5 ;33=B4 M; B ∈ AC ,
8J5>.5 B,C ⊆ X 8.//.EE@

(2) AB
8=5=E=5 =27E:/@ 8J5>.5 B ⊆ X 8.//.EE@

(3) A ⊆ AB
8J5>.5 B ∈ A

8.//.EE+X7 (1)
EH/;I>=52:9 5@J/6:56;/� 27J88.EBJ; 306.E3.7815@.@ ; (2)

EH/;I>=52:9 m (A) 8=5=E=5=27E:/@ EH/;I>=52:9; 8J;EE :// O.55@ (3)
EH/;I>=52:9 <.>J9 ;71BE J9;74 8.BE

A
.9@ 9@ABA+X

(3) 12 (2) 8J;EE m (A) ⊆ AB
8J5>.5 B ∈ A

8.//.EE4 ;7;7 ∀C ∈ m (A) 12 ∀B ∈ A
.2.E15

C ∈ AB ,
;7;7 (1) 8J;EE B ∈ AC ,

;7;7 ∀C ∈ m (A) .2.E15 A ⊆ AC .
�IB; ;/3;/8;76; (2)CE3;<IH34 M=9@ m (A) ⊆ AC

O.55:// ∀C ∈ m (A) 8.//.EE4 12 1<< .7E 3.//.EE D./:E5H53 m (A) 9@ABAEH/;I>=52:9:M=7+ ❏

������ :11*;<=�B$50$/
M

$50 # 2�50C'C �� X 2�
N

$50 # 2�50C'C �� Y &����� ! # $�$""9 =!! ' �� X × Y �� '��"&���
��� /

σ (M × N) = σ (r (M × N)) = m (r (M × N)) .
�
σ (M × N)

&�����'$/>��$'" 27=B7;ECσC;/9.DB:5;3 /$�$��7!9

���� ��"%�	%�" �� ����� �
�"!$$ %������������

��.�� &'()*+,-� .�05;0>;056
�� (X,M, µ)

&�'���" 81BE13E1B5.3 5.6.77P38 &� (X,M) �2'&$"% "2'8 µ : M → R+
� ! /�"�/�

+∞("%� !7�;/9;�% /$� /$5�"7� &�����#755�2/08 ��$�0 σ(�>>*"7�8 ����

µ (A) =

∞
∑

n=1

µ (An) ,

�& � A � >*���6/!" �$5�������&�"��/ � ! An ∈ M
&����� ! $50$�7"2�$9

��.�. �>N5315E 27P3219 6;5 ; 81BE135.3 ; O.5EJ51/ :/E;/:5=2;DD 1BE1/8.712.JB. J24 >. ;7=3;E 8J5>J9 3PY/05 M;592:/@=77H3+ �1/>:H/ 27P3219 /.M.E ;BB;4 M=9@ ; M;/8;7OP99615@ 1BE./8.712J E;BE=8:5@; 5./.9@.5 σC;/9.DB;4 M;5.8 <1/>:H/ T2;3 9@ABA4 6;9@ O1/9@ABA+ �/E;/:D;54 .9@ E.E27N/.9.2
H
M;/8;7YB.5>27.B .2.E15 ; µ : H → R

M;/8;7OP99615@E σ(�>>*"7�/�! 5.6.77P34 M; 8J5>.5 =/@;5 A ∈ H12 8J5>.5 =/@;5 An ∈ H
M;/8;7=3B; 8./@.3B. ;7 A = ∪∞

n=1An
>J27IH53E .9@.2SE12 O.55:// ;7 J2E./I.2P/4 M=9@ µ (A) =

∑∞
n=1 µ (An) .

��.�4 XBB; J2 27P3219 /.M.E4 M=9@ ; µ 1BE133127/.E. ; 3JE.BI.27E.EE 5.8 5.9;ES6 6;/�2 27:8=3 M./@.EE .9@8:2 M;/8;7 /.M.22.5+ �1/>:H/ $�%� $�$� �2'"2!/$! 5.6.7P53 .9@ =/@;5 µ : M → R
M;/8;7OP99615@E4;8./@ ; +∞ 12 ; −∞ 307P/ 31<315E T2;3 ;7 .9@J3.E ://SEI; ./N@ 5.8 3=52E;52 +∞ 6;9@ −∞ @ 6;/;Y8J5E E.E27N/.9.2 A = ∪∞

n=1An
>J27IH53E .9@.2SE12 ; µ (A) =

∑∞
n=1 µ (An) .9@.5/N219.E J8</J3:/I;+�,J/:9=24 M=9@ .7 T2;3 :9@ /.M.E4 M; ;∑∞

n=1 µ (An) 2=B 8J5>.5 :EB.5>.712. J2 3=56.B9.524 ;8J ;
∑∞

n=1 µ (An) 2=B ;D27=/:E 3=56.B9.5TJ:I:5;3 8.9306.E./1216./ .36J6;/.52�+ _;2=5/�;5 µ : M → C! �3�$) �2'"2!4M; ;7 J815EJ J8</J3:TJ� E./I.2P/+
\:E5H53 3.//4 M=9@ ; 3=8</.
 81BE13 5.8 :/E;/:5=2;DD 2.8 ;7 ./NI./.2 81BE1351/4 2.8 ; 81BYE1351/4 MJ27.5 .7 HE�DDJ .2.E.3D.5 ; +∞ 6;9@ ; −∞ J2 ./NO=B>H/M;E 8J5E .9@ M;/8;7 81BE13.4



��� ��������� �	 ������	������ ������
�	
���� �

3=8</.
 81BE13 .2.E15 <.>J9 .7 >.�5STJ� 27.BJ5E 3J 6;5 7:B6;+ _; ;BB; 3P/05 HE;/:2E 5.8 E.Y27P53 ;33=B 81BE13.5 ; O.5EJ >.�5STJ� 27.BJ5E .9@ σC;/9.DB:5 1BE./8.7.EE 5.8 5.9;ES6 σC;>>JES6M;/8;7OP99615@E O=9H53 1BE.5J4 ;8./@5.3 1BE133127/.E1D.5 ; +∞ J2 27.B.<./M.E+
��.�< �'2H'23?0=� .�05;0> �02'=') AGG,;*� � �@)@;@)� =?IJ;5A>;*�6

�� (X,M, µ) �2'"2!"2'9$/�
· µ (∅) = 0;
· µ (∪n

i=1Ai) =
∑n

i=1 µ (Ai) ,
�& � A � >*���6/!" �25$� � ! Ai ∈ M

&����� $50$�7"2�$�
· A ⊆ B ⇒ µ (A) ≤ µ (B) ;
· µ (ArB) = µ (A) − µ (B)

&� B ⊆ A
2� µ (B) �25$�9

K,?@)3*;<=�X7 PB.2M;/8;7 ./N:// 8.927:8/:/M;E�;5 2=3 >J27IH53E PB.2M;/8;7 .9@.2SE12.315E4 ;7;7 µ (∅) =
∑∞

n=1 µ (∅) .
1DDN/ ;7 306.E3.7J34M=9@ µ (∅) = 0, 6;9@ µ (∅) = +∞.

17 HE�DDJ .2.ED.5 E.E27N/.9.2
A 81BM.EN M;/8;7B;A = A∪∅ . . .∪∅ . . . 8.927:8/:/M;E�;5 2=3 >J27IH53E M;/8;7D�/ ://� .9@.2SE124.71BE ; σY;>>JEJ6JE:2 8J;EE µ (A) = +∞ /.55.+_; A = ∪n

i=1Ai
619.2 2=3 >J27IH53E M;/8;7 .9@.2SE12.4 ;33=B ;7 J2 J9;74 M=9@ A = ∪n

i=1Ai ∪∅ . . .∪
∅ . . . 8.927:8/:/M;E;5 619.E./.5 2=3 >J27IH53E M;/8;7 .9@.2SE12.+ X/3;/8;76;4 M=9@ µ (∅) = 0,3;<IH3 ; µ (∪n

i=1Ai) =
∑n

i=1 µ (Ai)
.9@.5/N219.E+

�.9@P3 O./4 M=9@ A ⊆ B.
R@J/6:5 B = A ∪ (B rA) >J27IH53E .9@.2SE124 S9@ ; 619.2.5 ;>>JEJ6JE:2E3JM;275:/6; µ (B) = µ (A)+µ (B rA) .

R= >. µ 5.8 5.9;ES6 1BE13.3.E 6.27 T2;3 O./4 E.M:E µ (A) ≤
µ (B) .,19P/ E.9@P3 O./4 M=9@B ⊆ A 12µ (B) 619.2+133=Bµ (A) = µ (B)+µ (ArB) , .71BE M;µ (B) <∞,;33=B µ (A) − µ (B) 3JO.I.712 1BE./8.2 12 .9@.5/N µ (ArB)C6./+ ❏

��.�? :11*;<=� .�05;0> σE=?IJAGG,;*�6�� (X,M, µ) �2'"2!"2' "$"��%�$5$� {An ∈ M : n ∈ N} &�����'$/>��$'2'$

µ (∪∞
n=1An) ≤

∞
∑

n=1

µ (An) .

K,?@)3*;<=�\.9@.5 Bn
; >J27IH53EJ7:/E M;/8;72=B=7;E+ 133=B

µ (∪∞
n=1An) = µ (∪∞

n=1Bn) =

∞
∑

n=1

µ (Bn) ≤
∞
∑

n=1

µ (An)

MJ27.5 Bn ⊆ An
12 ; 81BE13 8=5=E=5 M;/8;7OP99615@+ ❏

��.�A :11*;<=� .�05;0> �@)@;@) /@13;@)@==<2A6B$50$/ A1 ⊆ A2 ⊆ ... ⊆ An ⊆ ... � / " / /;�% � ' ��"� �� An ∈ M
&����� !/�!8 �� (X,M, µ)�2'"2!"2'$/9 =!! '

µ (∪∞
n=1An) = lim

n→∞
µ (An) .

B$50$/ A1 ⊇ A2 ⊇ ... ⊇ An ⊇ ... � / " / # 50� � ' ��"� �� An ∈ M
&����� !/�!8 �� (X,M, µ)�2'"2!"2'$/8 2� "$507! # $�8 & 50 µ (A1)

�25$�9 =!! '
µ (∩∞

n=1An) = lim
n→∞

µ (An) .

K,?@)3*;<=�\.9@.5 Bn
; >J27IH53EJ7:/E M;/8;72=B=7;E+ 133=B

µ (∪∞
n=1An) = µ (∪∞

n=1Bn) =

∞
∑

n=1

µ (Bn) = lim
n→∞

n
∑

k=1

µ (Bk)

= lim
n→∞

µ (∪n
k=1Bk) = lim

n→∞
µ (∪n

k=1Ak) .



� ������������� 	
����
R= >. ;7 (An)n∈N

M;/8;72=B=7;E 8=5=E=5 506N4 .71BE ∪n
k=1Ak = An.

X7E 3;<EH3 E.M:E4 M=9@
limn→∞ µ (An) = µ (∪∞

n=1An) .G=2E E.9@P3 O./4 M=9@ An
M;/8;72=B=7;E 8=5=E=5 O=9@� 12 8J5>.5 E;9I; 619.2 81BE13A+ -./0/I.

Y = A1
12 ;7 An

M;/8;7=35;3 E.3J5E2P3 ;7 Y YB; 6=5;E3=7� Ac
n

.
= Y r An

3=8</.8.5E.B1E+-./0/I. Bn
.
= Ac

n

+ ,J/:9=24 M=9@ Bn ∈ M
12 Bn ⊆ Bn+1 ∀n ∈ N

8.//.EE+ X7 J2 5@J/6:56;/�+M=9@ ∪Bn = ∪Ac
n = (∩An)c , .71BE µ (Bn) → µ ((∩An)c) .

R=>. µ (An) < ∞ 8J;EE µ (Bn) =
µ (Y rAn) = µ (Y )−µ (An) 12 µ ((∩An)

c
) = µ (Y )−µ (∩An) .

�IB; 3JM;275:/6; µ (Y ) 619.22191E43;<IH34 M=9@ µ (An) → µ (∩An) . ❏

��.�� :11*;<=� .'1'�, >,;'5H'=?;0=, ;0;'16B$50$/ µ �
P
# 2�50C'C/ 2'"$��$�$"" �2'"2!9 =!! ' µ $502'"$��C$/ "$'� $��"&$"% !* � 5$/$'��" r (P)50C'C'$ �508 & 50 � !*"$'� $��"$"" µ̂ &�����#755�2/0 *� �2'"2!9

K,?@)3*;<=�1/N270B 8.98HE;EIH3 ;7E4 M=9@ ;8.55@JD.5 An, Bm ∈ P
8./@.3B. ∪∞

n=1An = ∪∞
m=1Bm

>J27IH53E.9@.2SE12.34 ;33=B∑∞
n=1 µ (An) =

∑∞
m=1 µ (Bm) .�9@;5J24 8J5>.5 B097SE.EE n 8.//.EE An = ∪∞

m=1 (An ∩Bm) >J27IH53E .9@.2SE124 .71BE µ (An) =
∑∞

m=1 µ (An ∩Bm) , ;M=55;5∑∞
n=1 µ (An) =

∑∞
n=1

∑∞
m=1 µ (An ∩Bm) .

�./I.2.5 M;2=5/�;5 3;<YIH34 M=9@∑∞
m=1 µ (Bm) =

∑∞
m=1

∑∞
n=1 µ (Bm ∩An) , .71BE∑∞

n=1 µ (An) =
∑∞

m=1 µ (Bm) 6;/�D;5E./I.2P/+
�.3J5E2P3 8=2E ; 9.5.B:/E r (P) 9@ABA .9@ E.E27N/.9.2 ./.81E4 ;7;7 /.9@.5E = ∪N

n=1An
>J27IH53E.9@.2SE124 ;M=/ An ∈ P.

XMM=74 M=9@ ;7 r (P)CB. 3JE.BI.27E.EE M;/8;7OP99615@E
µ̂ (E)

.
= ∪N

n=1µ (An)

8�>=5 >.�5J:/M;22H3 ./N270B J2 ;7E 3.// 8.99=5>=/5H534 M=9@ ;8.55@JD.5 E ./N:// 8:2 8�>=5
E = ∪M

m=1Bm
;/;3D;54 ;33=B ∑N

n=1 µ (An) =
∑M

m=1 µ (Bm) .
R= >. ;7 ./N7N.3 27.BJ5E .7 5@J/Y6:56;/�4 MJ27.5 6:/;227H3 8.9 ;7 N J//.E6. M J5>.
.351/ 5;9@=DD J5>.
A M;/8;7=3;E ;7 PB.2M;/8;75;3 12 .9@27.BA.5 ;/3;/8;7M;EIH3 ;7 J815E 8:B 8.99=5>=/E∑∞

n=1 µ (An) =
∑∞

m=1 µ (Bm).9@.5/N219.E+ X µ̂ : r (P) → R
5.8 5.9;ES6 M;/8;7OP99615@ E.M:E ; O.5E 3J.8./E 8�>=5 I�/ 6;5>.�5J:/6;+ R@J/6:56;/�4 M=9@ µ̂ 3JE.BI.27E12. µC5.34 2NE µ̂ ;7 .9@.E/.5 619.2.5 ;>>JES6 3JE.BI.27E12+G=2E ;7E /:22H3 D.4 M=9@ µ̂ .9@ σC;>>JES6 M;/8;7OP99615@4 E.M:E ;8.55@JD.5 .9@ A ∈ r (P) M;/Y8;7 ./N:// A = ∪∞

n=1An
>J27IH53E .9@.2SE12 ;/;3D;54 ;M=/ An ∈ r (P) ;33=B µ̂ (A) =

∑∞
n=1 µ̂ (An) .\.9@.5.3 E.M:E ;7 An

M;/8;7=3 An = ∪rn

i=1C
n
i
>J27IH53E .9@.2SE12 ;/;3:;34 ;M=/ 8J5>.5 Cn

i ∈ P,6;/;8J5E A = ∪N
k=1Bk

27J5E15 >J27IH53E M;/8;7=3 .9@.2SE12.4 ;M=/ Bk ∈ P.
133=B ∪N

k=1Bk =
∪∞

n=1∪rn

i=1C
n
i
.9@.5/N219D.5 8J5> ; D;/ 8J5> ; I=DD =/>;/=5 .9@8:2E�/ >J27IH53E

PCD./J M;/8;7=3/.9O./I.DD 8.927:8/:/M;E� .9@.2SE12. /:EM;E�+ �IB; ;/3;/8;76; ; DJ7=5@SE:2 ./2N 9=5>=/;E:E ;7E3;<IH34 M=9@
µ̂ (A) =

N
∑

k=1

µ (Bk) =

∞
∑

n=1

rn
∑

i=1

µ (Cn
i ) =

∞
∑

n=1

µ̂ (An) .

17E 3.//.EE D./:E5J+ ❏

��.�
 X O.5EJ DJ7=5@SE:2 T2.31/@ 8�>=2SE:2:6;/ ;7 J2 /:EM;E�4 M=9@ ;8.55@JD.5 µ .9@ ; P
O1/9@ABA51BE./8.7.EE 619.2.5 ;>>JES6 5.8 5.9;ES6 M;/8;7OP99615@ �� '>�/(�2'"2!�4 ;33=B ; O.5EJ 8�>=5

µ .9@1BE./8A.5 3JE.BI.27EM.EN ;7 r (P) 9.5.B:/E 9@ABAB. ; 619.2.5 ;>>JEJ6JE:2 8.9E;BE:2:6;/+
LB>.8.2 :E9=5>=/5J4 M=9@ ; 27;3;27D;5 J9;7=/E ://SE:2=3 8.55@JD.5 6JM.EN3 :E ./NI./.2 6;9@3=8</.
 81BE13.3 .2.E1B.+

���� ��"��%� ������� �	

��4�� &'()*+,-� .K@5'1E�A1�A?6F� (X, τ)
" 3 ��5*!6� "2'8 �!! ' � /07�" &����� ! 5$/$'��"� �$5��C!$99σ ���5$9'�" �=B./YM;/8;7=35;3/$�$��7!9



��� ������� ����	������ �

��4�. &'()*+,-� .K@5'1��05�';� /�22�0)36B$50$/ (X,M)
$50 �2'&$"% "2'8 (Y, τ) $50 " 3 ��5*!6� "2' 2� f : X → Y

$50 #755�2/09 ��" � />�6!8& 50 f �=B./Y81BM.EN8 &� �*/>$/ V ⊆ Y /07�" &����� $�$"2/ f−1 (V ) ∈ M.

��4�4 &'()*+,-� .>A5A>;'5,=?;,>I= /�22�0)36
�� E ⊆ X

&����� �$��$""8 �$50$/

χE
.
=

{

1 ,
&� x ∈ E;

0 ,
&� x /∈ E

�� E &����� 3;B;3E.BJ27EJ3H2 OP99615@.9
��4�< X7 (X,M) 81BM.EN E1B .9@ E ⊆ X.

X
χE

3;B;3E.BJ27EJ3H2 OP99615@ <=5E=2;5 ;33=B 81BM.EN M;
E ∈ M.

��4�? �'2H'23?0=�
� 3 ��5*!6� "$'$! !;�"* #  �0" / � #755�2/0 � '$���2'&$"%8 �99�/ �� 2'"$�$�9$/8 & 50 � # $/"*

M

σ ���5$9'�" �������6! �� 2'"$��$�2�* "�'" ��/0 � '$��&������*/�!9
��4�A &'()*+,-� .�05�';� /�22�0)36B$50$/ (X,M)

2� (Y,N)
!2" �2'&$"% "2'9 �� f : X → Y

#755�2/0" 81BM.EN5.3 � />�6!8 &�
f−1 (N) ∈ M

�*/>$/ N ∈ N
$�$"2/9

��4�� �'2H'23?0=�82'&$"% #755�2/0$! ! �3 �7�*��� *� �2'&$"%9
��4�
 :11*;<=� ./�22�0)3 <1;A1 2')'5<1; σ�A12'J5A6B$50$/ (X,M)

$50 �2'&$"% "2' Y $50 &�����8 f : X → Y
$50 #755�2/09 =!! ' �� ���99* &������

'$/>��$' σ ���5$9'� Y � /�
{

E ⊆ Y : f−1 (E) ∈ M
}

.�%" � # $/"* &�����'$/>��$' � �$5��C!$99 Y �9$�* &�����'$/>��$'8 ��$�0'$ /2��$ f �2'&$"%9
��4�� :11*;<=�

B$50$/ (X,M)
$50 �2'&$"% "2'8 f : X → R

$50 � '$���2'&$"% #755�2/09 =!! ' �*/>$/ B ⊆ R� '$��&����� $�$"2/ f−1 (B) ∈ M,
"$&�" �� (X,M) → R

� '$���2'&$"%�25 #  5���� $509$$�*! ��
(X,M) → (R, σ (τ)) �2'&$"%�25 #  5�������9

��4��� :11*;<=�
B$50$/ u, v : X → R

� '$���2'&$"% #755�2/0$!8 �� (X,M) �2'&$"% "2'$/9 =!! ' ��
f (x)

.
= (u (x) , v (x))

�*/" X → R2 #755�2/0 *� � '$���2'&$"%9
�� u+ v, uv

2� �� u
v

#755�2/0 *� � '$���2'&$"%9
K,?@)3*;<=�1/N270B J2 I.9@.77P3 8.94 M=9@ 8J5>.5 V ⊆ R2 5@S/E M;/8;7 ./N:// 8J5E 8.927:8/:/M;E�;5 2=3
I×J ;/;3: 5@S/E E19/; .9@.2SE12.4 ;M=/ I 12 J 5@S/E4RYD./J J5E.B6;//H8=3+ �,.9@P3 ;7 0227.2 8J5>31E3==B>J5:E:I:D;5 B;TJ=5:/J2 <=5EI;JE V Y5.34 12 .7.35.3 8J5>.5 B;TJ=5:/J2 2H9;B: 30B5@.7.E.JE+��.M:E M; I × J .9@ O.5EJ EJ<H2: E19/;4 ;33=B

f−1 (I × J) = {x ∈ X : u (x) ∈ I 12 v (x) ∈ J} = u−1 (I) ∩ v−1 (J) .

X7 u 12 ; v OP99615@.3 �=B./Y81BM.EN219. 8J;EE f−1 (I × J) ∈ M. _; ; V 5@S/E M;/8;7 V =
∪∞

n=1 (In × Jn) ;/;3:4 ;33=B f−1 (V ) = ∪∞
n=1f

−1 (In × Jn) ∈ M, MJ27.5 M
7:BE ; 8.927:8/:/M;E�.9@.2SE12B.+X7 0227.;>:2B;4 27=B7:2B; 12 M:5@;>=2B; 6=5;E3=7� ://SE:2 306.E3.7J3 ; 8.9O././N 8A6./.E.3O=/@E=5=22:9:D�/+ ❏



� ������������� 	
����
��4��� :11*;<=�

B$50$/ (X,M)
$50 �2'&$"% "2'8 f : X → R

$50 #755�2/09 �� f 3 /" ��/ �!! ' �2'&$"%8 &� �*/>$/
α ∈ R

$�$"2/ �� X (f > α) /7��&����� ! �2'&$"%!9
��4��. :11*;<=�82'&$"% "2'$/ 2'"$��$�$"" ����� 2'"2!C #755�2/0$! �63'$�6��8 */��6��8 �*��63��8 �*�*/#� $8 &��"�'2'"2!$ *� �2'&$"%9
��4��4 &'()*+,-� .10�+=�= �A23 '23=?'54 /�22�0)36/1<T2N2 OP99615@5.38 ��50 .9@27.BA OP99615@5.3 /$�$�7/!8 $50 s : X → R

�25$� 2'"2!!2���$"C
�2'&$"% #755�2/0"9

��4��< \.9@.5 s .9@27.BA OP99615@ 8./@5.3 1BE133127/.E. R (f) = {α1, . . . , αn}
+ _; D.6.7.EIP3 8J5>.5

αi ∈ R (f) 8.//.EE ;7 Ei
.
= X (f = αi)

I./0/12E4 ;33=B ;7 .9@27.BA OP99615@ s =
∑n

i=1 αiχEi;/;3D;5 :// ./N4 ;M=/ ;7 E1, . . . , En
.9@8:2E�/ <:B=5315E >J27IH53E 81BM.EN M;/8;7=3+

?=5E=2 /:E5J4 M=9@ H9@;5.7 ;7 .9@27.BA OP99615@ 819 5;9@=5 2=3O1/. 31<<.5 ./N://SEM;E� ; O.5EJ
∑m

i=1 βiχFi

;/;3D;5 M; 5.8 30EIP3 8.9 ;7E4 M=9@ ; βi
6;/�2 27:8=3 .9@8:2E�/ 3P/05D077.5.346;9@ 5.8 SBIH3 ./N ;7 Fi

M;/;8;7=3 >J27IH53E2:9:E-
��4��? :11*;<=� .�05�';� /�22�0)3'> A��5@�,�<+,-= ;0;'1'6B$50$/ f $50 /$� /$5�"7� ����� 2'"2!C #755�2/0 �� (X,M) �2'&$"% "2'$/9 =!! ' �2"$�*! sn

/$�
/$5�"7� �23��%� #755�2/0$! � ' ��"�8 & 50 0 ≤ s1 ≤ ...sn ≤ ... ≤ f

2� sn → f 3 /" /!2/"9 F� f! '��" �8 �!! ' �25 �� *� *5��8 & 50 sn
$50$/�$"$�$/ "�'" f �&$�9

K,?@)3*;<=��.�5J:/IH3 E.E27N/.9.2 n ∈ N
12 i = 0, 1, 2, . . . , n2n − 1 8.//.EE ;7 ;/:DDJ M;/8;7=3;E+

E
(n)
i

.
= f−1

([

i

2n
,
i+ 1

2n

)) E=6:DD: F (n) .
= X (f ≥ n) .

X7 f 81BM.EN219. 8J;EE E(n)
i ∈ M

12 F (n) ∈ M
8J5>.5 n ∈ N

12 i = 0, 1, 2, . . . , n2n − 1 .2.E15+R@J/6:56;/�4 M=9@ X = ∪n2n−1
i=0 E

(n)
i ∪ F (n) >J27IH53E .9@.2SE12 O.55:// 8J5>.5 n ∈ N

8.//.EE+
�.�5J:/I; B097SE.EE n ∈ N

8.//.EE

sn
.
=

n2n−1
∑

i=0

i

2n
χ

E
(n)
i

+ nχF (n) .

,J/:9=24 M=9@ sn
.9@27.BA OP99615@+ �.E27N/.9.2 x ∈ X 8.//.EE4 M; x ∈ E

(n)
i , ;33=B sn (x) =

i
2n ≤ f (x) , 12 M; x ∈ F (n) ;33=B sn (x) = n ≤ f (x) .

X7 J2 6J/:9=24 M=9@ ;8.55@JD.5 f (x)619.24 :9@ =/@;5 nYM.7 8./@B. f (x) < n /1E.7J3 i, M=9@ x ∈ E
(n)
i , .71BE f (x) − sn (x) < 1

2n .
_;

f (x) = +∞, ;33=B 6J27=5E x ∈ F (n) 8J5>.5 n ∈ N
8.//.EE4 S9@ sn (x) → f (x) ∀x ∈ X 8.//.EE<=5E=5315E+ 1DDN/ 8:B /:E27J34 M=9@ ;8.55@JD.5 f 3=B/:E=24 :9@ E.E27N/.9.2 ; 3=B/:E5:/ 5;9@=DD

n
J5>.
 8.//.EE f − s < 1

2n

;7 .9127 XY.54 E.M:E sn
6;/�D;5 .9@.5/.E.2.5 3=56.B9:/ f YM.7+G:B T2;3 ;7E 3.// 8.98HE;E5H534 M=9@ ; O.5EJ 8�>=5 >.�5J:/E (sn)n∈N

OP99615@2=B=7;E <=5E=5315E8=5=E=5 506N+ \.9@.5 E.M:E x ∈ X B097SE6.+ ,J/:9=24 M=9@
E

(n)
i = E

(n+1)
2i ∪ E(n+1)

2i+1 ,

MJ27.5 i
2n = 2i

2n+1
12 i+1

2n = 2i+2
2n+1 .

17 ;7E I./.5EJ4 M=9@ ;8.55@JD.5 x ∈ E
(n)
i ,

:9@ sn (x) = i
2n

4 >.
sn+1 (x) = 2i

2n+1
6;9@ sn+1 (x) = 2i+1

2n+1

+ X7 ./2N .2.ED.5 sn (x) = sn+1 (x) 8S9 ; 8:2=>J3 .2.ED.5
sn (x) < sn+1 (x) . _; x ∈ F (n), >. f (x) < n + 1, ;33=B sn (x) = n 12 sn+1 (x) = i

2n+1
=/@;5 iYB.8./@. i

2n+1 ≥ n. _; x ∈ F (n), 12 f (x) ≥ n + 1
J2 O.55://4 ;33=B sn (x) = n 12 sn+1 (x) = n + 1.X7E /:EEH3 E.M:E4 M=9@ E.E27N/.9.2 x ∈ X 8.//.EE sn (x) ≤ sn+1 (x) 6;/�D;5 O.55://+ ❏



��� ��� ������	 ����	�	 ����	��� ������
���� �
���� ��� ����%�� ������� ������� ��%��"����

\.9@.5 ; O.I.7.ED.5 619J9 ;7 (X,M, µ) 81BE13E1B B097SE6.+
��<�� &'()*+,-� .)'� )'2A;*� 10�+=�= /�22�0)3 ,);'25<1HA6

F� f $50 /$� /$5�"7� �23��%� #755�2/0 2� E ∈ M
$50 �2'&$"% &�����8 �!! ' �� f #755�2/0/$! ��

E
&����� #;�;""* J5E.9B:/I; � !;�$"!$�% �����

∫

E

f dµ
.
=

n
∑

i=1

αiµ (Ei ∩ E) ,

�& �
R (f) = {α1, . . . , αn}

2� αi 6= αj 	i 6= j
$�$"9$/
, �����*/" Ei

.
= X (f = αi)

9
X O.5EJ >.�5STJ�D;5 O=5E=2 ; 3=B:DD;5 D.6.6.7.E.EE 3=56.5TJ�4 8J27.BJ5E 0 · (+∞) = 0 12 α ·

(+∞) = +∞ M; α > 0.
X7E /:EIH34 M=9@ ; >.�5STJ�D;5 27.B.</N 619.2 0227.95.3 ;71BE 6;5 1BE./8.48.BE (+∞) + (+∞) = +∞ 12 ;7 α+ (+∞) = +∞ 8J5>.5 α ≥ 0 .2.E15+ 17 HE�DDJ 8J;EE O=5E=24M=9@ JEE T2;3 5.8 5.9;ES6 1BE133127/.EA .9@27.BA OP99615@.3.E .59.>M.EP53 8.9+

��<�. ,J/:9=24 M=9@ ;8.55@JD.5 f .9@ 5.8 5.9;ES6 /1<T2N2 OP99615@4 :9@ ∫
E
f dµ ≥ 0 4 12 ∫

E
f dµ = +∞J2 /.M.E219.2+

��<�4 X8.55@JD.5 f ;7 E M;/8;7=5 ; 5.8 5.9;ES6 α 3=52E;524 ;33=B /1E.7J3 i 8./@B. E ⊆ Ei,
.71BE

∫

E

f dµ = αiµ (Ei ∩E) = αµ (E) .

?=5E=2 2<.TJ:/J2 .2.E ;7 .9127 X M;/8;7 O./.EEJ J5E.9B:/:2+ �.�5STJ� 27.BJ5E J/@.53=B
∫

X

f dµ =
n
∑

i=1

αiµ (Ei) .

��<�< :11*;<=� .)'� )'2A;*� 10�+=�= /�22�0)3 ,);'25<1/�22�0)3' �05;0>6B$50$/ f $50 /$� /$5�"7� �23��%� #755�2/09 =!! ' �

ϕ (E)
.
=

∫

E

f dµ

&�����#755�2/0 �2'"2!$" >$�/*�� ��
M σ ���5$9'�/9

K,?@)3*;<=�\.9@.5 f =
∑n

i=1 αiχEi
, ;M=/ ;7 αi

27:8=3 <:B=5315E 3P/05D07N3 12 Ei
.
= X (f = αi)

4 E=6:DD:E.9@P3 O./4 M=9@ F ./N:// F = ∪∞
j=1Fj

>J27IH53E .9@.2SE12 ;/;3D;5+ 133=B

ϕ (F ) = ϕ
(

∪∞
j=1Fj

)

=

∫

∪∞

j=1Fj

f dµ =

n
∑

i=1

αiµ
(

Ei ∩
(

∪∞
j=1Fj

))

=

n
∑

i=1

αiµ
(

∪∞
j=1 (Fj ∩ Ei)

)

=

n
∑

i=1

αi





∞
∑

j=1

µ (Fj ∩ Ei)



 =

n
∑

i=1

∞
∑

j=1

αiµ (Fj ∩ Ei) =

∞
∑

j=1

n
∑

i=1

αiµ (Fj ∩ Ei)

=

∞
∑

j=1

∫

Fj

f dµ =

∞
∑

j=1

ϕ (Fj) .

�EE T2H<:5 µ 81BE13 σY;>>JEJ6JE:2:E M;275:/EH3 12 ;7E4 M=9@ 619.2 2=3 2=B E;9=5315E J2 0227.9.7M.EN+
❏



�� ������������� 	
����
��<�? ���';>'?�0)3�B$50$/$! s 2� t /$� /$5�"7� �23��%� #755�2/0$! �� (X,M,µ) �2'"2!"2'$/9 =!! ' ∫

X
(s+ t) dµ =

∫

X
s dµ+

∫

X
t dµ.

K,?@)3*;<=�\.9@.5.3 s =
∑n

i=1 αiχEi

12 t =
∑m

j=1 βjχFj
, ;M=/ ;7 αi

5.8 5.9;ES6 27:8=3 12 ; βj
5.8 5.9;ES6

27:8=3 B.5>B. .9@8:2E�/ 3P/05D07N34 Ei
.
= X (s = αi)

4 Fj
.
= X

(

t = βj

) + 133=B ∪m
j=1Fj = X =

∪n
i=1Ei

>J27IH53E ./N://SE:2=3+ ,J/:9=24 M=9@
X = ∪i,j (Ei ∩ Fj)J2 >J27IH53E .9@.2SE12+ X7 Ei ∩ Fj

M;/8;7=5 ;7 s+ t .927.BA OP99615@ ; 3=52E;52 αi + βj
1BE13.E6.27J O./4 E.M:E .9@ ./N7N 8.9I.9@712P53 27.BJ5E

∫

Ei∩Fj

s+t dµ =
(

αi + βj

)

µ (Ei ∩ Fj) = αiµ (Ei ∩ Fj)+βjµ (Ei ∩ Fj) =

∫

Ei∩Fj

s dµ+

∫

Ei∩Fj

t dµ.

X/3;/8;7M;EIH3 E.M:E s+ tYB.4 sYB.4 tYB. ;7 ./N7N ://SE:2E+ 133=B <H27E:5 ;7 J5E.9B:/81BE13 619.2.5;>>JEJ6JE:2; 8J;EE
∫

X

s+ t dµ =

n,m
∑

i,j

∫

Ei∩Fj

s+ t dµ =

n,m
∑

i,j

(

∫

Ei∩Fj

s dµ+

∫

Ei∩Fj

t dµ

)

=

n,m
∑

i,j

∫

Ei∩Fj

s dµ+

n,m
∑

i,j

∫

Ei∩Fj

t dµ =

∫

X

s dµ+

∫

X

t dµ.

17E 3.//.EE D./:E5J+ ❏,J/:9=24 M=9@ 619.2 2=3 5.8 5.9;ES6 /1<T2N2 OP99615@ 0227.9. E;9=5315E J2 J5E.9B:/M;E�+
��<�A �'2H'23?0=�B$50$/ f

$50 /$� /$5�"7� �23��%� #755�2/09 �6>�6!8 & 50 $//$! /�50 / � ! ∑n
i=1 αiχEi

���!�$�%���7"��� ��/ # $�"2�$8 & 50 /$� !;�$"$��7! �$5 �� αi
/$� /$5�"7� ! /�"�/� ! !7�;/9;�%�252" ��50

�� Ei
�2'&$"% &����� ! >*���6/!"��5�"9 ��$//0*9$/

f =

m
∑

j=1

βjχFj

$50 "$"��%�$5$�  �0�/ $�%���7"��8 ��$�0 */>*!�" ' #755�2/0$! /$� /$5�"7� $507""&�"�� �*/$�'*� 	!�3
! �9*/��*���8 �!! '
∫

E

f dµ =

m
∑

j=1

βjµ (Fj ∩ E) =

∫

X

fχE dµ

"$"��%�$5$� E ∈ M
�2'&$"% &����� $�$"2/9

K,?@)3*;<=�G=2E /.9@.5 f =
∑n

i=1 αiχEi

;7 ;7 ./N://SE:24 ;M=/ ;7 αi
5.8 5.9;ES6 27:8=3 3P/05D07N3 12

Ei = X (f = αi) .
133=B 3JM;275:/6;4 M=9@ αiχEi∩E

8;9; J2 .9@ 5.8 5.9;ES6 .9@27.BA OP99615@412 M=9@ ;7 J/@.5.3 0227.91E E;9=5315E J5E;9B:/M;EIH3+
∫

E

f dµ =

n
∑

i=1

αiµ (Ei ∩ E) =

n
∑

i=1

∫

X

αiχEi∩E dµ =

∫

X

n
∑

i=1

αiχEi∩E dµ

=

∫

X

(

n
∑

i=1

αiχEi

)

χE dµ =

∫

X

fχE dµ

=

∫

X





m
∑

j=1

βjχFj



χE dµ =

∫

X

m
∑

j=1

βjχFj∩E dµ =

m
∑

j=1

βjµ (Fj ∩ E) .

17E 3.//.EE D./:E5J+ ❏



��� ��� ������	 ������� ����	����� ������
���� ��

��<�� :11*;<=�
F� α ∈ R+

"$"��%�$5$� /$� /$5�"7� ����� ����8 �50 ∫
X
αs dµ = α

∫

X
s dµ.

F� s, t /$� /$5�"7��23��%� #755�2/0$!8 �$�0$!'$ s ≤ t,�!! ' ∫
X
s dµ ≤

∫

X
t dµ.

K,?@)3*;<=�X7 ./2N ://SE:2 5@J/6:56;/� 306.E3.7815@. ; >.�5STJ�5;3+ ,J/:9=24 M=9@ t − s
J2 .9@ 5.8 5.9;ES6.9@27.BA OP99615@4 S9@ ;7 J5E.9B:/I; 5.8 5.9;ES6 6;/�2 27:84 6;9@ +∞ + X/3;/8;76; ;7 ;>>JEJ6JE:2E; t = s+ (t− s) 0227.9B. ;7E 3;<IH34 M=9@ ∫

X
t dµ =

∫

X
s dµ+

∫

X
t− s dµ ≥

∫

X
s dµ. ❏

���� ��� ����%�� ��"��%� ������� �	 ��%��"����

\.9@.5 .DD.5 ; O.I.7.ED.5 J2 B097SE6. ;7 (X,M, µ) 81BE13E1B+
��?�� &'()*+,-� .)'� )'2A;*� /�22�0)3 ,);'25<1HA6B$50$/ f $50 /$� /$5�"7� �2'&$"% #755�2/09

∫

X

f dµ
.
= sup

{∫

X

φdµ : 0 ≤ φ ≤ f
2� φ �23��%� #755�2/09}

�.B27. f 5.8 5.9;EJ6JE:2:E ;71BE 3.//.EE O./E.55J4 M=9@ ; sup 8090EEJ M;/8;7 5. /.M.22.5 PB.2+18/13.77P53 ;BB; ; 8.9://;<=>:2B;4 M=9@ ; O./2NM;E:B ;
J�8:E RYD;5 M;275:/IH34 .71BE ; O.5EJ.9@.5/N219 I=DD =/>;/; .9@ I�/ >.�5J:/E 5.8 5.9;ES6 6;/�2 27:84 6;9@+∞.
GJ6./ /1<T2N2 OP99615@B.8:B /:EEH34 M=9@ ;7 J5E.9B:/ 8=5=E=5 .71BE ; O.5EJ >.�5STJ� 0227M;59D;5 6;5 ;77;/ ;7 .2.EE./4 M;; 5.8 5.9;ES6 81BM.EN OP99615@ 2<.TJ:/J2;5 8;9; J2 .9@ /1<T2N2 OP99615@+

��?�. ,J/:9=24 M=9@ ;8.55@JD.5 f .9@ 5.8 5.9;ES6 81BM.EN OP99615@4 :9@ ∫
E
f dµ ≥ 0 4 12 ∫

E
f dµ = +∞J2 /.M.E219.2+

��?�4 &'()*+,-�
�� E ∈ M

�2'&$"% '2��&����� / �� */"$5'��"
∫

E

f dµ
.
=

∫

X

fχE dµ

��> / >$�/*���6!9
GJ6./ 5.8 5.9;ES6 .9@27.BA OP99615@.3B. ; O.5EJ .9@.5/N219 J9;74 .71BE .7 ; >.�5STJ� J2 0227YM;59D;5 6;5 ;66;/ ;7 .2.EE./ 8J3=B ; O.5EJ f .9@ .9@27.BA OP99615@+

��?�< ,J/:9=24 M=9@ 8J5>.5 5.8 5.9;ES6 α .2.E15 ∫
X
αf dµ = α

∫

X
f dµ, 6;/;8J5E f ≤ g 5.8 5.9;ES681BM.EN OP99615@.3 8.//.EE ∫

X
f dµ ≤

∫

X
g dµ

J2 E./I.2P/+ 17E ;/3;/8;76; ;7 J2 3055@.>15 /:E27J34M=9@ E.E27N/.9.2 f 5.8 5.9;ES6 81BM.EN OP99615@B. 12 E ∈ M
81BM.EN M;/8;7B; ∫

E
f dµ ≤

∫

X
f dµ.

��?�? �0;'1� .K'��@��'�,D �A23 �@)@;@) >@)�'52')+,A ;0;'16
�$507! # $�8 & 50 �� (fn)n∈N

/$� /$5�"7� �2'&$"% #755�2/0$! � / " / /;�$!$>% � ' ��"�8 2� � $�;�� $
f

$�$/ � ' ��" 3 /" /!2/"* &�"�'2'"2!2"9 B�""6!8 & 50 f *� /$� /$5�"7� �2'&$"% #755�2/09 =!! '
∫

X

fn dµ →
∫

X

f dµ,

�*>%/ n→ ∞.



�� ������������� 	
����
K,?@)3*;<=�GJ6./ 8=5=E=5 506N

RYD./J 27:8=35;3 6;5 RYD./J M;E:BE13. .71BE /.9@.5 α .
= lim

∫

X
fn dµ ∈ R.GJ6./ ∀n ∈ N

8.//.EE ∫
X
fn dµ ≤

∫

X
f dµ, .71BE 5@J/6:56;/�;5 α ≤

∫

X
f dµ.G=2E 8.98HE;EIH34 M=9@ ∫

X
f dµ ≤ α

J2 E./I.2P/+ \.9@.5 g .9@ E.E27N/.9.2 /1<T2N2 OP99615@ 8./@B.
g ≤ f, 6;/;8J5E c ∈ (0, 1)

E.E27N/.9.2 6;/�2 27:8+ X7E O=9IH3 8.98HE;E5J4 M=9@ c ∫
X
g dµ ≤ α.155.3 3H/T2; ;DD;5 B.I/J34 M=9@ E.E27N/.9.2 /1<T2N2 OP99615@ J5E.9B:/OP99615@. 81BE13 12 ; 81BE138=5=E=5 O=/@E=5=2+ �.3J5E2P3 ;7

En
.
= X (fn ≥ cg)81BM.EN M;/8;7E+ X7 fn

OP99615@2=B=7;E <=5E=5315EJ 8=5=E=5 506.3.>12. 8J;EE 8J5>.5 n ∈ N8.//.EE En ⊆ En+1.
X7 J2 /:EM;E�4 M=9@ X = ∪∞

n=1En,
MJ27.5 M; 6;/;8./@ x ∈ X 8.//.EE g (x) = 0,;33=B ;7 fn

OP99615@.3 5.8 5.9;EJ6JE:2; 8J;EE x ∈ En
8J5>.5 n 8.//.EE O.55://4 M; 6J27=5E g (x) >

0, ;33=B 8J6./ g (x) 6= +∞, .71BE cg (x) < g (x) ,
S9@ /1E.7J3 n ∈ N

8./@B. cg (x) < fn (x) ,
E.M:E

x ∈ En
6;/�D;5 O.55://+ X/3;/8;7M;EIH3 8=2E ; ϕ (E)

.
=
∫

E
cg dµ 81BE13 8=5=E=5 O=/@E=5=22:9:E;7 En

8=5=E=5 506N M;/8;72=B=7;EB;+ S9@ ;7E 3;<IH34 M=9@
ϕ (En) → ϕ (X) =

∫

X

cg dµ.

R= >.
ϕ (En) =

∫

En

cg dµ ≤
∫

X(fn≥cg)

fn dµ ≤
∫

X

fn dµ ≤ α.

17 1<< ;7E I./.5EJ4 M=9@ ∫
X
cg dµ = c

∫

X
g dµ ≤ α 6;/�D;5 O.55://+ ❏

��?�A ���';>'?�0)3� .A? ,);'25<1 AGG,;*�,;<=A6B$50$/$! f 2� g /$� /$5�"7� �2'&$"% #755�2/0$!9 =!! '
∫

X

f + g dµ =

∫

X

f dµ+

∫

X

g dµ.

X 306.E3.7N E1E./E :9@ J2 O=9;/8;7M;EIH34 M=9@ 5.8 5.9;ES6 81BM.EN OP99615@.3 .2.E15 ;∑ 12;7 ∫ I./ O./T2.B1/M.EN+
��?�� �0;'1� .�@)@;@) >@)�'52')+,A ;0;'1 =@5@>5A6B$50$/$! fn

/$� /$5�"7� �2'&$"% #755�2/0$!9 =!! ' �� f =
∑∞

n=1 fn
/$� /$5�"7� �2'&$"% #755�

�2/0'$
∫

X

f dµ =

∞
∑

n=1

∫

fn dµ.

��?�
 �0;'1� .�A;@I�1'��A6B$50$/$! fn
/$� /$5�"7� �2'&$"% #755�2/0$!9 =!! '

∫

X

lim
n→∞

inf fn dµ ≤ lim
n→∞

inf

∫

X

fn dµ.

��?�� �0;'1�
B$50$/ f /$� /$5�"7� �2'&$"% #755�2/09 =!! ' �

ϕ (E)
.
=

∫

E

f dµ

>$�/7�*���� ϕ *� �2'"2! ��
M σ ���5$9'�/9

��?��� :11*;<=� .)'� )'2A;*� �05�';� /�22�0)3 ,);'25<1/�22�0)3' �05;0>6B$50$/ f /$� /$5�"7� �2'&$"% #755�2/0 2� ϕ (E)
.
=
∫

E
f dµ �� f */"$5'�� �2'"2!$9 =!! ' "$"��%�$5$�

g /$� /$5�"7� �2'&$"% #755�2/0'$8 2� "$"��2�$5$� E �2'&$"% &�����'�
∫

E

g dϕ =

∫

E

g · f dµ.



��� ������� ����	��� ������
���� ��

��?��� &'()*+,-� .AJ=?@1�; /@13;@)@==<26B$50$/ λ
2� µ !2" �2'"2! 	��50 �!�' $�%� $�$� �2'"2!
 ��

M σ ���5$9'�/9 ��" � />�6!8 & 50 λ;D27=/:E O=/@E=5=2 � µ�'$ /2��$8 &� E ∈ M
$�$"2/

µ (E) = 0 ⇒ λ (E) .

=�" λ� µ ��> / � $�;��7!9
,J/:9=24 M=9@ ;8.55@JD.5 λ (E)

.
=
∫

E
f dµ, 6;/;8./@ 81BM.EN f OP99615@B.4 ;33=B λ� µ.

G.9O=9IH3 8HE;E5J4 M=9@ M; λ (X) 12 µ (X) 619.2 81BE13.34 8./@.3B. λ � µ, ;33=B /1E.7J3 =/@;55.8 5.9;ES6 f 81BM.EN OP99615@4 M=9@ λ (E) =
∫

E
f dµ

O.55:// 8J5>.5 E ∈ M
81BM.EN M;/8;7.2.E15+�̂ ;>=5YRJ3=>@8 E1E./�+

���� ��"��%� ������� ��%��"����

\.9@.5 f : X → R
81BM.EN OP99615@+ ,J/:9=24 M=9@ f ./N://

f = f+ − f−

;/;3D;54 ;M=/ f+ ;7 f <=7JES6 B127. 12 f− ;7 f 5.9;ES6 B127.+ X7 J2 5@J/6:56;/�4 M=9@ f+ 12 f−5.8 5.9;ES6 81BM.EN OP99615@.34 ;8./@.3B. |f | = f+ + f−.

��A�� &'()*+,-�
��" � />�6!8 & 50 �� f : X → R

#755�2/0 */"$5'��&�"� �� (X,M, µ) �2'"2!"2'$/8 &� ∫ f+ dµ
2�

∫

f− dµ
!;�7� /$� �*/>!$""% +∞. =99$/ �� $�$"9$/

∫

X

f
.
=

∫

X

f+ dµ−
∫

X

f− dµ.

�� E ∈ M
'2��&����� / �$"" */"$5'��"8 � /$� /$5�"7� �2'&$"% #755�2/0$!&$� &�� /���/ �� f · χE#755�2/0/$! X �$/ �$"" */"$5'����!2/" >$�/*���6!9

��A�. :11*;<=�
F� f 2� g */"$5'��&�"�8 �����*/" ∫

X
f dµ +

∫

X
g dµ ;���$5 2'"$��$�8 �!! ' f + g *� */"$5'��&�"�8

�����*/"
∫

X

f + g dµ =

∫

X

f dµ+

∫

X

g dµ.

��$//0*9$/ α ∈ R
�����8 �!! ' f */"$5'��&�"���5�9�� αf */"$5'��&�"���5� *� !;�$"!$�*!8 2�

∫

X

αf dµ = α

∫

X

f dµ.

��A�4 ?=5E=2 27�M;275:/;E+X7E 8=5>IH34 M=9@ 6;/;8J/@.5 EH/;I>=52:9 µ 8;I>5.8 8J5>.5 x ∈ X <=5EB;E./I.2P/4 M=9@ M; ;7=5 <=5E=3 M;/8;7;4 8./@B. .7 ; EH/;I>=52:9 5.8 J9;74 81BM.EN M;/8;7E ;/3=EY5;34 12 .55.3 ; M;/8;75;3 81BE13. 5H//;+
��A�< &'()*+,-�

B$50$/ (X,M, µ) �2'"2!"2'9 �$!*/"�7! � !;�$"!$�% �$!" '"$'$"

L1 (X,M, µ)
.
=

{

f : X → R : f �2'&$"%8 ∫
X

|f | dµ < +∞
}

�*��5 �8 & 50 ∫
X
|f | dµ = 0 3 /" ��/ �!! '8 &� f (x) = 0 µ �9�9 x ∈ X

$�$"2/9 F�
L0 � $�;�*�� / �2'&$"% #755�2/0$!$" ��$�0$! � ! /�"�/� 0

#755�2/0"%� ���! $50 � µ�'$ /2��$ /6���2'"2!C



�� ������������� 	
����
&�����9�/ !7� /9 �/$!8 �!! ' �*��5 �8 & 50

L0 � # $/"*
L1

"2'/$! ��"$'$9 �$�;�� $ L1
��

L1
"2'/$!$�$/

L0 ��"$'$ ��$'*/"* # �!" '"$'2"8 ����
L1 (X,M, µ)

.
= L1 (X,M, µ) /L0 (X,M, µ) .

=� ��" � $�$/"*8 & 50 L1
$�$�$*  �0�/ $!�*���$/�*�  ��"��0 !8 �$�0/$! $50$� $!�*���$/�*�  ��"��0 !

 �0�/ �2'&$"% #755�2/0$! &������9�� ���/�!8 �$�0$! $50���"�� ���! /6���2'"2!C &�����9�/ !7�;/�
9;�/$!9 � ��99'� *� f �$� � $�;��$ ��" �� $!�*���$/�*�  ��"��0"8 ��$�0 �� f #755�2/0" "�'"�������

‖f‖L1

.
=

∫

X

|f | dµ.

��A�? :11*;<=�
L1 (X,M, µ) �$!" '"2'$/ �� */"$5'���� 3 �*"7� �*/$�'*� #6/!�* /��8 ���� f, g ∈ L1

2� α, β ∈ R
�$��$""

∫

αf + βg dµ = α

∫

f dµ+ β

∫

g dµ
" ��99� f ≥ 0

$�$"2/ ∫
X

f dµ ≥ 0.

��A�A ���';>'?�0)3�
�$"��%�$5$� f ∈ L1

$�$"2/ ∣
∣

∫

X
f dµ

∣

∣ ≤
∫

|f | dµ.
��A�� :11*;<=�

B$50$/ f ∈ L1. =!! ' µ (X (|f | = +∞)) = 0.
K,?@)3*;<=�\.9@.5 E .

= X (|f | = +∞) .
133=B ∫

E
|f | dµ ≤

∫

X
|f | dµ < +∞ 4 MJ27.5 f ∈ L1 (µ)

+ 18J;EE
∫

E
|f | dµ = +∞ 5.8 E./I.2P/M.E+ ,J27=5E M; µ (X (|f | = +∞)) 6= 0, ;33=B ∫

E
|f | dµ = +∞ 5@J/Y6:56;/�;5 O.55:// ;7 XBTMJ81>.27JY;
J�8; 8J;EE+ 17E 3.//.EE D./:E5J+ ❏

��A�
 :11*;<=�
�$"��%�$5$� f ≥ 0 /$� /$5�"7� �2'&$"% #755�2/0'$ ∫

X
f dµ = 0 3 /" ��/ �!!! '8 &� f = 0 µ �9�9

K,?@)3*;<=�_; f 3=52E;52 0 .9@ 5H//81BE13A M;/8;7E�/ ./E.3J5E6.4 ;33=B 5@J/6:5 ∫
X
f dµ = 0

J2 O.55://+�.9@P3
8=2E O./4 ∫

X
f dµ = 0, 12 E.3J5E2P3 ;7 An

.
= X

(

f > 1
n

) J56.B731<.E+ ,J/:9=24 M=9@ An ∈ M
12

x ∈ An
<=5E=2;5 ;33=B4 M; f (x) > 1

n
.
171BE

1

n
µ (An) =

∫

An

1 dµ ≤
∫

An

f dµ ≤
∫

X

f dµ = 0

�.M:E 8J5>.5 n ∈ N
8.//.EE µ (An) = 0, .71BE X (f 6= 0) = ∪n∈NAn

8J;EE µ (X (f 6= 0)) = 0. ❏

��A�� :11*;<=�
F� ∫

E
f dµ = 0 �*/>$/ E ∈ M

�2'&$"% &�����'�8 �!! ' f (x) = 0 µ �9�9 x ∈ X
$�$"2/9

K,?@)3*;<=�\.9@.5 E
.
= X (f ≥ 0) .

133=B x ∈ E .2.E15 f (x) = f+ (x)
S9@ 0 =

∫

E
f dµ =

∫

E
f+ dµ.GJ6./ f+ .9@ 5.8 5.9;ES6 OP99615@4 .71BE µ (x ∈ E : f (x) > 0) = 0.

X7E 3;<EH3 E.M:E4 M=9@
µ (x ∈ X : f (x) > 0) = 0.

X/3;/8;76; ;7 .>>J9 J9;7=/E ://SE:2E ; −f OP99615@B. ;7E 3;<IH34 M=9@
µ (x ∈ X : f (x) < 0) = 0. �227.9.76.+ µ (x ∈ X : f (x) 6= 0) = 0.

17E 3.//.EE D./:E5J+ ❏

��A��� �0;'1� .�'J'=2I' /01' G@�,)<1; >@)�'52')+,A ;0;'16B$50$/ (fn)n∈N
 �0�/ �2'&$"% #755�2/0$! � ' ��"�8 �$�0 3 /" /!2/" ! /�$'5�� $50 f �2'&$"%#755�2/0&$�8 ���� fn (x) → f (x) �*/>$/ x ∈ X �$��$""8 �*>%/ n → ∞.

�$507! # $�8 & 50 �2"$�*!
h ∈ L1 (X,M, µ)

#755�2/08 �$�0'$ |fn| ≤ h �*/>$/ n ∈ N
$�$"2/9

=!! ' fn

2� f ∈ L1
" ��99� fn → f �� L1

�$"'*!6� "2' " 3 ��5*���9�/8 ���� ‖f − fn‖L1
→ 0

8
�����*/"

∫

X

fn dµ →
∫

X

f dµ.



��� ������� ����	��� ������
���� ��

K,?@)3*;<=�,J/:9=2+M=9@ |f | ≤ h .71BE f ∈ L1
J2 O.55://+ R@J/6:56;/�4 M=9@ |fn − f | ≤ 2h, .71BE ; gn

.
=

2h−|fn − f | .9@ 5.8 5.9;ES6 E;9: OP99615@2=B=7;E48./@B. lim inf gn = 2h.
X/3;/8;77H3 ; ?;E=HY/.88:E+

∫

X

2h dµ =

∫

X

(

lim inf
n
gn

)

dµ ≤ lim inf

∫

X

gn dµ =

∫

2h dµ+ lim inf
n

(

−
∫

X

|fn − f | dµ
)

=

∫

2h dµ− lim sup
n

∫

X

|fn − f | dµ.
X8JDN/ 3JM;275:/6;4 M=9@ ∫

X
2h dµ ∈ R

;7E 3;<IH34 M=9@ lim supn

∫

X
|fn − f | dµ = 0.

17 5@J/6:5
;7E I./.EJ4 M=9@ ‖f − fn‖L1

→ 0.
1DDN/ ∣

∣

∫

X
fn dµ−

∫

X
f dµ

∣

∣ ≤
∫

|fn − f | dµ = ‖f − fn‖L1
→ 08:B 3055@.5 306.E3.7J3+ ❏

��A��� �0;'1� .�'J'=2I' ;0;'1' =@5@>5A6
�$507! # $�8 & 50 fn

 �0�/ �2'&$"% #755�2/0$!8 �$�0$!'$
∞
∑

n=1

∫

fn dµ <∞.

=!! ' ��∑∞
n=1 fn (x) � ' �9�� ��" ! /�$'5$/� µ �9�9 x ∈ X

$�$"2/9 F� f � $�;�* �� ;���$5#755�2/0"8���� f .
=
∑∞

n=1 fn,
�!! ' f ∈ L1 (X,M, µ)

2�
∫

X

f dµ =

∞
∑

n=1

∫

fn dµ.

��A��. &'()*+,-� .;'1H'= �05;0>6
=50 (X,M, µ) �2'"2!$" "$�� $�/$! /$�$�7/!8 &� �*/>$/ /6���2'"2!C &����� "$"��%�$5$� '2��&������
�2'&$"%9 8�50�'6�� E ⊆ F ∈ M

2� µ (F ) = 0 ⇒ E ∈ M.

��A��4 :11*;<=� .�05;0> ;'1H'==0 ;0;'1'6
��$//0*9$/ (X,M, µ)

$50 �2'"2!"2'8 �50 �2"$�*! �$5��C!$99  �0�/ (X, M̂, µ̂
) "$�� $� �2'"2!"2'8

�$�0'$
M ⊆ M̂,

2� µ (E) = µ̂ (E) �*/>$/ E ∈ M
$�$"2/9

K,?@)3*;<=�X>=EE (X,M,µ) 81BE13E1BDN/ 3JJ5>H/6;4 /.9@.5
M̂

.
= {E ⊆ X : ∃A,B ∈ M, A ⊆ E ⊆ B 12 µ (B r E) = 0} .]055@.5 /:EM;E�4 M=9@

M ⊆ M̂
12

M̂
.9@ σY;/9.DB;+X8.55@JD.5 E ∈ M̂, 6;/;8J5E A,B ∈ M, A ⊆ E ⊆ B, µ (B rA) = 0 12 /1E.7J3 .9@ 8:2J3

A1, B1 ∈ M, A1 ⊆ E ⊆ B1, µ (B1 rA1) = 0 ./N://SE:2 J24 ;33=B A1 r A ⊆ E r A ⊆ B r A, .71BE
µ (A1 rA) = 0. _;2=5/�;5 3;<IH34 M=9@ µ (ArA1) = 0

J2 O.55://4 ;8JDN/ ;7 A = (A ∩A1) ∪
(ArA1)

12 A1 = (A ∩A1) ∪ (A1 rA) .9@.5/N219.3 8J;EE
µ (A) = µ (A ∩A1) = µ (A1)J2 E./I.2P/+ X7E 3;<EH3 E.M:E4 M=9@ E ∈ M̂

.2.E15
µ̂ (E)

.
= µ (A) .9@ =/@;5 A ∈ M

M;/8;7B;4 8./@M.7 ∃B ∈ M, µ (B rA) = 0

>.�5STJ� I�/ >.�5J:/I; ; µ̂ M;/8;7OP99615@E ;7 M̂ σY;/9.DB:5+R@J/6:56;/�4 M=9@ µ̂ .9@ σY;>>JES6 3JE.BI.27E12. µY5.3 MYBN/ M̂YB;+�.9@P3 8=2E O./4 M=9@ 6;5 .9@ (X,N, ν)
E./I.2 81BE13E1B4 ;8./@ 27J5E15 3JE.BI.27E12. ;7 (X,M, µ)81BE13E1B5.3+ _;E ∈ M̂, ;33=BE = A∪(E rA) ./N://SE:2D;5A ∈ M ⊆ N

12ErA ⊆ BrA 8J;EE;7 E r A M;/8;7 B127M;/8;7; ; νY5H// 81BE13A B r A M;/8;75;34 ;8JDN/ ;7 (X,N, ν)
E./I.2219.

8J;EE E r A ∈ N
J2 306.E3.7J3+ �9@ E.M:E

M̂ ⊆ N
;8J ;7E I./.5EJ4 M=9@ 6;/�D;5 ; O.5E 3=52EBH:/E

(

X, M̂, µ̂
) ; /.927A3.DD E./I.2 3JE.BI.27E12. ;7 (X,M, µ) 81BE13E1B5.3+ ❏



�� ������������� 	
����
���� � ��$����%�%��

\.9@.5 (X,M) 12 (Y,N) 81BM.EN E1B 12 (X × Y,Σ) .7.3 27=B7;E;4 ;7;7 Σ
.
= σ (M × N) .

����� &'()*+,-� .=?@5?A;;05J'1, �A1�A? =?'1';'6�� E ⊆ X × Y
&����� 2� x ∈ X

$�$"2/ �$50$/ Ex
.
= {y ∈ Y : (x, y) ∈ E} , �����*/" &�� /���/

y ∈ Y �$��$""
Ey .

= {x ∈ X : (x, y) ∈ E} . �� Ex

2� Ey
&����� !�" �� E &����� x��$"��$"2/$!

��50 x���$�$"2/$! /$�$��7!9
����. ]055@.5 /:EM;E�4 M=9@ (∪∞

n=1An)x = ∪∞
n=1 (An)x ; (∩∞

n=1An)x = ∩∞
n=1 (An)x ; (Ec)x = (Ex)

c
.
X7J2 6J/:9=24 M=9@ (A×B)x

1<< B, M; x ∈ A 12 .9@1D315E
∅.

����4 :11*;<=��� ��" �2'&$"% &����� �*/>$/ �$"��$"$ �2'&$"%8 ���� F ∈ Σ
$�$"2/ Fx ∈ N

2� F y ∈ M
�*/>$/

x ∈ X
2� y ∈ Y

$�$"2/9
K,?@)3*;<=�\.9@.5

H
.
= {E ⊆ X × Y : Ex ∈ N ∀x ∈ X} . ]055@.5 /:EM;E�4 M=9@ H

.9@ σY;/9.DB; ;7 X × Y27=B7;EM;/8;7 O./.EE+ 6J/:9=24 M=9@
M × N ⊆ H, .71BE Σ = σ (M × N) ⊆ H.

17E 3.//.EE D./:E5J+ ❏

����< &'()*+,-� ./�22�0)3 =?'1';'6B$50$/ f �� X × Y  / 2'"$��$�$"" #755�2/09 �$"��%�$5$� x ∈ X �$��$""
fx

�$50$/ �� �� Y ( /2'"$��$�$"" #755�2/08 �$�0'$
fx (y)

.
= f (x, y) .

����? ,J/:9=24 M=9@ E.E27N/.9.2 V M;/8;7B; (f−1 (V )
)

x
= f−1

x (V ) , M; f ; 27=B7;E=5 1BE./8.7.EE+
����A :11*;<=� .�05�';� /�22�0)3 =?'1';', ,= �05�';�'>6�� '��"��2'&$"% #755�2/0 �*/>$/ �$"��$"$ �2'&$"%9
����� :11*;<=� .�IJ,), ;0;'1' �A1�A?@>5A6B$50$/ �� (X,M, µ)

2� (Y,N, λ) �2'"2!"$'$! σ ��25$�$!9 B$50$/ Q ∈ Σ ';5�7"$"" �� '��"��2'&$"%&����� 2� �$50$/
φ (x)

.
= λ (Qx) �����*/" ψ (y)

.
= µ (Qy) .

=!! ' φ #755�2/0
M

��2'&$"%8 ψ #755�2/0
N
��2'&$"% 2�

∫

X

φdµ =

∫

Y

ψ dλ.

K,?@)3*;<=�-./0/I. Ω ;7 X×Y ;7=5 Q B127M;/8;7;J5;3 M;/8;7:E4 8./@.3B. ;7 ://SE:2 E./I.2P/+ G=2E J2 ;7E 3.//J9;7=/5H534 M=9@ Ω ⊆ Σ.
1MM.7 ./N270B ;7E 9=5>=/IH3 8.94 M=9@ Ω B.5>./.3.7J3 ;7 ;/:DDJ 519@EH/;I>=52:99;/+

(1)
GJ5>.5 81BM.EN E19/; ΩYD./J4 ;7;7 M × N ⊆ Ω.

(2) Ω 7:BE ; 8.927:8/:/M;E� 8=5=E=5 .9@.2SE12B.4 ;7;7 Qn ∈ Ω ∀n ∈ N
12 Qn ⊆ Qn+1

.2.E15
Q

.
= ∪n∈NQn ∈ Ω.
(3) Ω 7:BE ; 8.927:8/:/M;E� 8=5=E=5 8.E27.EB. O./E16.4 M=9@ ; M;/8;7=3 6;/;8./@ 619.2 81BYE13A E19/:5;3 ; B127M;/8;7;J+ �=5E=2;DD;5+Qn ∈ Ω ∀n ∈ N

12 Qn+1 ⊆ Qn
.2.E15 Q .

= ∩n∈NQn ∈
Ω
O./E16.4 M=9@ Q1 ⊆ A×B 4 ;M=/ A ∈ M, B ∈ N

6;/;8J5E µ (A) < +∞ 12 λ (B) < +∞.
(4) Ω 7:BE ; 619.2 >J27IH53E .9@.2SE12B.4 ;7;7 Qn ∈ Ω n = 1, . . . , N 12 Qi ∩ Qj = ∅

�
i 6= j�.2.E15 Q .

= ∪n∈NQn ∈ Ω.
(5) Ω 7:BE ; 8.927:8/:/M;E� >J27IH53E .9@.2SE12B.4 ;7;7 Qn ∈ Ω n ∈ N

12 Qi ∩Qj = ∅
�
i 6= j�.2.E15 Q .

= ∪n∈NQn ∈ Ω.



��� � ������������� ��

X O.5EJ 0E EH/;I>=52:9D�/ 12 ; �@53J5YE1E./DN/ ; ?HDJ5JYE1E./ M;/8;7=3B; 6=5;E3=7� ;/;3I; 8:B3055@.5 O=9 /:E27;5J+ R177P3 ; O.5EJ.3 J9;7=/:2:E+*+ \.9@.5 8=2E Q = A × B, ;M=/ A ∈ M
12 B ∈ N.

,J/:9=24 M=9@ λ ((AxB)x) = λ (B)χA (x) ,.71BE A 81BM.EN219. 8J;EE ; φ = λ (B)χA

OP99615@ 6;/�D;5 81BM.EN+ �9@;5S9@ ψ = µ (A)χB.71BE 8=2E B 81BM.EN219. 8J;EE /.27 ψ J2 81BM.EN+ X7 .9@27.BA OP99615@ J5E.9B:/I:5;3 >.�5STJ�I;27.BJ5E
∫

X

φdµ =

∫

X

λ (B)χA dµ = λ (B)µ (A) = µ (A)λ (B) =

∫

Y

µ (A)χB dλ =

∫

Y

ψ dλ.

17E 3.//.E (1)
J9;7=/:2:M=7 D./:E5J+F+ \.9@.5 E.M:E φn (x) = λ ((Qn)x)4 ψn (y) = µ ((Qn)

y
) 6;/;8J5E φ 12 ψ ; E1E./ 3J8=5>:2;27.BJ5E >.�5J:/6;+ GJ6./ ; Qn

M;/8;72=B=7;E 8=5=E=5 506N4 .71BE ; (Qn)x
8.E27.EM;/;872=B=7;E12 8=5=E=5 5N4 6;/;8J5E .7.3 .9@.2SE121B. ∪n (Qn)x = (∪Qn)x

+ X/3;/8;76; ; 81BE13 8=5=E=5O=/@E=5=22:9:B; 6=5;E3=7� �*+F+Q� ://SE:2E ;7E 3;<IH34 M=9@ E.E27N/.9.2 x ∈ X 8.//.EE φn (x) →
φ (x) 8=5=E=5 5N6N 8�>=5+ _;2=5/�;5 8J5>.5 y ∈ Y .2.E15 ψn (y) → ψ (y) 27J5E15 8=5=E=5506.3.>N/.9+1DDN/ ;7=55;/ 306.E3.7J34M=9@ φ .9@MY81BM.EN4ψ <.>J9 .9@NY81BM.EN OP99615@+X8=5=E=5 3=56.B9.5TJ; E1E./E �*+V+V� 31E27.B M;275:/6; ∫

X
φn dµ→

∫

X
φdµ 12 ∫

X
ψn dλ→

∫

X
ψ dλ

+R= >. ∫
X
φn dµ =

∫

X
ψn dλ,

MJ27.5 Qn ∈ Ω, .71BE ∫
X
φdµ =

∫

X
ψ dλ

J2 6;/�D;5 O.55://+ 17E 3.//.EE
(2)

J9;7=/:2:M=7 D./:E5J+L+ �9;7=/:2; (2)Y6./ 8;I>5.8 E./I.2.5 ;5;/�9+ \.9@.5.3 ; φn
12 ψn

OP99615@.3 :9@;5:9@ >.�5JY:/6;+�H>IH34 M=9@Q1 ⊆ A×B, .71BE λ ((Q1)x) ≤ λ (B) , .71BE ; (Qn)x
8=5=E=5 O=9@� M;/8;7=3B;J2 ;/3;/8;7M;EIH3 ; 81BE13 8=5=E=5 O=/@E=5=22:9:B; 6=5;E3=7� �*+F+Q� E1E./E+ �9@ ;7E 3;<IH34 M=9@

φn (x) → φ (x) 8=5=E=5 O=9@� 8�>=5+ _;2=5/�;5 ψn (y) → ψ (y) 27J5E15 8=5=E=5 O=9@�/;9+1DDN/<.B27. φ 12 ψ 81BM.EN219. ;7=55;/ 306.E3.7J3+ X 8;I=B:/E 3=56.B9.5TJ; E1E./ ;/3;/8;7M;E�2:9:M=7D.T2P/IP3 ;7 ;/:DDJ J5E.9B:/=3;E+
∫

X

φn dµ ≤
∫

X

φ1 dµ ≤
∫

X

λ (B)χA dµ = λ (B)µ (A) < +∞.

X7E 3;<EH3 E.M:E4 M=9@ 8;9; φ1
.9@

L1
YD./J 8;I=B:52; ; φn

OP99615@.35.3+ _;2=5/�;5 3;<IH34M=9@ ψ1
.9@

L1
YD./J 8;I=B:52; ; ψn

OP99615@.35.3+ G=2E ;7 �*+Q+*,� E1E./E 31E27.B M;275:/6;
∫

X
φn dµ→

∫

X
φdµ 12 ∫

X
ψn dλ→

∫

X
ψ dλ

+ R= >. ; (2)Y6./ 8=2E 8:B E./I.2.5 8.9.9@.7N 8�>=5
∫

X
φn dµ =

∫

X
ψn dλ,

.71BE ∫
X
φdµ =

∫

X
ψ dλ

J2 6;/�D;5 O.55://+ 17E 3.//.EE (3)
J9;7=/:2:M=7D./:E5J+K+ �;BE=77;5;3 8.9J5E ; φn

12 ψn

OP99615@.3 Qn
YM.74 6;/;8J5E φ 12 ψ ; QYM=7+ X >J27IH53E.9@.2SE12 12 ; 81BE13.3 619.2.5 ;>>JEJ6JE:2; 27.BJ5E φ =

∑

φn
12 ψ =

∑

ψn.
171BE M:E φ 12 ψ81BM.EN3 ; 8.9O././N σY;/9.DB:3B; 5176.+ X7 J5E.9B:/ 619.2.5 ;>>JEJ6JE:2; 8J;EE <.>J9 ∫

X
φdµ =

∫

Y
ψ dλ

J2 O.55://+ 17E 3.//.EE D./:E5J (4)
J9;7=/:2:M=7+V+ R@J/6:56;/� 306.E3.7815@. ; O.5EJ (4) 12 (2) ://SE:25;3+X DJ7=5@SE:2 D.O.I.7121M.7 E.9@P3 O./4 M=9@ X = ∪n∈NXn

6;/;8J5E Y = ∪m∈NYm
4 ;M=/ ;7 .9@.2

Xn ∈ M
12 Ym ∈ N

M;/8;7=3 >J27IH53E;3 12 81BM.EN.34 6;/;8J5E µ (Xn) < ∞ 12 λ (Ym) < ∞8J5>.5 27�D; I06N n 12 m .2.E15+ \.9@.5
Φ
.
= {Q ⊆ X × Y : Q ∩ (Xn × Ym) ∈ Ω

O.55:// ∀ (n,m) ∈ N × N
.2.E15} .

GJ6./
M × N

8;9; J2 8.E27.E7:BE4 .71BE (1) 8J;EE M × N ⊆ Φ.
1DDN/ (4) 8J;EE r (M × N) ⊆ Φ,MJ27.5

M × N
O1/9@ABA3 27=B7;E;315E 8;9; J2 O1/9@ABA 12 /:EEH34 M=9@ O1/9@ABA :/E;/ 9.5.B:/E 9@ABA./.8.J ; O1/9@ABA ./.8.3 619.2 >J27IH53E .9@.2SE12.J+ X (2) 12 (3) 6;/;8J5E ;7 Xn

12 Ym
M;/8;7=3619.2 81BE13A219. 27.BJ5E Φ 8=5=E=5 =27E:/@+ 1DDN/ <.>J9 m (r (M × N)) ⊆ Φ

J2 ;7=55;/ 306.EY3.7J3+ �. ; �@53J5YE1E./ 306.E3.7815@. 31<<.5 /:EEH34 M=9@ m (r (M × N)) = σ (r (M × N)) =
σ (M × N) = Σ.

X7E 3;<EH3 E.M:E4 M=9@ 8J5>.5 Q ∈ Σ 27=B7;EY81BM.EN M;/8;7 .2.E15 Q ∩
(Xn × Ym) ∈ Ω

+ �. <.B27. Q = Q∩ (X × Y ) = Q∩ (∪n,mXn × Ym) = ∪n,m (Q ∩ (Xn × Ym)) .
X7

(5) ://SE:2 27.BJ5E E.M:E Q ∈ Ω 6;/�D;5 O.55://+ ❏



�� ������������� 	
����
����
 &'()*+,-� .=?@5?A;�05;0>6B$50$/ �� (X,M, µ)

2� (Y,N, λ) �2'"2! "$'$! σ ��25$�$!9 2� Q ∈ Σ
9 �$�/*���6! � µ × λ

&������#755�2/0" � !;�$"!$�%!233$/

(µ× λ) (Q)
.
=

∫

X

λ (Qx) dµ (x) =

∫

Y

µ (Qy) dλ (y) .

�*��5 �8 & 50Q = ∪∞
n=1Qn

$�$"2/ λ (Qx) =
∑∞

n=1 λ ((Qn)x)
$�2'" � 3 �*"7� "�5� � ' !'� � /�"! ��

�9B9 "2"$� ��$'*/" ∫
X
λ (Qx) dµ (x) =

∑∞
n=1

∫

X
λ ((Qn)x) dµ (y) ,

"$&�" 750 ����9�/ �2'"2!$" !�36/!
� �� '��"�σ ���5$9'�/9

����� �'2H'23?0=�
� �"!233$/ !*"$'� $��"$""7/!9

������ �0;'1� .�IJ,), ;0;'1' )'� )'2A;*� �05�';� /�22�0)35'6B$50$/ �� (X,M, µ)
2� (Y,N, λ) �2'"2! "$'$! σ ��25$�$!8 f : X × Y → R+

/$� /$5�"7� �� '��"�
�2'&$"% #755�2/09 �$�;�� $

φ (x)
.
=

∫

Y

fx dλ
�����*/" ψ (y)

.
=

∫

X

fy dµ.

=!! ' � φ 2� ψ #755�2/0$! �2'&$"%$! 2�
∫

X

φdµ =

∫

X×Y

fd (µ× λ) =

∫

Y

ψ dλ.

������ �0;'1� .�IJ,), ;0;'1' L1
�J'1, /�22�0)35'6B

1
�'$9

�����. �'2H'23?0=�
�69*/* ��!�����&�"���5�/�! # $�"2"$�$8 & 50 �� $50*! �9�� ��" *"$'��" */"$5'�� �25$� �$50$/9

�����4 .'11')�01GA A �IJ,),�;0;'15'6 \.9@.5 (δn)n∈N
=/@;5 27J9=B:;5 506N 6;/�22=B=7;E4 ;8./@B. δ1 = 0 12

δn → 1
+ X

gn : [0, 1] → R
O=/@E=5=2 OP99615@.3 /.9@.5.3 :9@ 8.9;>6;4 M=9@ {x ∈ R : g (x) 6= 0} ⊂

(δn, δn+1) ,
12 ∫ 1

0 gn = 1.
\.9@.5 f : [0, 1] × [0, 1] → R

; 306.E3.7N OP99615@+

f (x, y)
.
=

∞
∑

n=1

(gn (x) − gn+1 (x)) gn (y) .

X7E 8HE;EIH3 8.94 M=9@
∫ 1

0

(∫ 1

0

f (x, y) dy

)

dx = 1 6= 0 =

∫ 1

0

(∫ 1

0

f (x, y) dx

)

dy

,J/:9=24 M=9@ ;>=EE y /.9O./I.DD T2;3 ;7 .9@J3 (δn, δn+1)
J5E.B6;//H8=T23:D; .2M.E4 .71BE ;70227.95.3 T2;3 .9@ E;9I; 5.8 5H//;4 S9@ ;7 f O=/@E=5=2 ;7 (1, 1) <=5EE�/ ./E.3J5E6. ;7 .9127 .9@219Y519@7.E.5+K,?@)3*;<=�].7>IP3 ; D;/=/>;//;/+ ^097SE.EE x ∈ [0, 1] 8.//.EE+

∫ 1

0

f (x, y) dy =

∫

∪∞

i=1(δi,δi+1)

f (x, y) dy =

∞
∑

i=1

∫ δi+1

δi

f (x, y) dy.



��� � �������
�
������� �������	���	� ���
�
	� ��
,J27=5E ; (δi, δi+1)

J5E.B6;//H8=5 3S6P/ ; gi
OP99615@ 0,

S9@ ;7 f Y5.3 .9@.>P/ ;7 iY.>J3 E;9I; I0527�D;+
∫ 1

0

f (x, y) dy =
∞
∑

i=1

∫ δi+1

δi

(gi (x) − gi+1 (x)) gi (y) dy

=

∞
∑

i=1

(

(gi (x) − gi+1 (x))

∫ δi+1

δi

gi (y) dy

)

=

∞
∑

i=1

(gi (x) − gi+1 (x)) = lim
N→∞

(g1 (x) − gN (x)) = g1 (x) .

X7E 3;<EH3 E.M:E4 M=9@
∫ 1

0

(∫ 1

0

f (x, y) dy

)

dx =

∫ 1

0

g1 (x) dx = 1.

G=2E 5177P3 ; I=DD=/>;/E+ ^097SE.EE y ∈ [0, 1] 8.//.EE ;7 ./2N J5E.B6;//H8=E 3P/05SB6;+
∫ 1

0

f (x, y) dx =

∫ δ2

δ1

f (x, y) dx +
∞
∑

i=2

∫ δi+1

δi

f (x, y) dx

G=2E ;7E 6.9@P3 127B.4 M=9@ ; (δ1, δ2)
J5E.B6;//H8=5 ;7 f Y5.3 T2;3 ;7 ./2N E;9I:5;3 ./2N O./. 5.871BH24 8S9 ;7 iY.>J3 J5E.B6;//H8=5 T2;3 ;7 i− 1Y.>J3 E;9 8:2=>J3 O./1E 12 ;7 iY.>J3 E;9=E ./2N O./1E3.// �9@./.8D. 6.55J+ �.M:E+

∫ δ2

δ1

f (x, y) dx =

∫ δ2

δ1

g1 (x) g1 (y) dx = g1 (y)

∫ δ2

δ1

g1 (x) dx = g1 (y)

6;/;8J5E
∞
∑

i=2

∫ δi+1

δi

f (x, y) dx =

∞
∑

i=2

∫ δi+1

δi

−gi (x) gi−1 (y) + gi (x) gi (y) dx

=

∞
∑

i=2

(gi (y) − gi−1 (y))

∫ δi+1

δi

gi (x) dx =

∞
∑

i=2

(gi (y) − gi−1 (y))

= lim
n→∞

gn (y) − g1 (y) = −g1 (y)

�227.O=9/;/6;+
∫ 1

0

(∫ 1

0

f (x, y) dx

)

dy =

∫ 1

0

g1 (y) − g1 (y) dy =

∫ 1

0

0dy = 0.

17E 3.//.EE 8.98HE;E5J+ ❏

���� � ��"�%�����" ����� 	�%�"���
%��� ����"��

X7 .9127 O.I.7.ED.5 /.9@.5
H
=/@;5 XYD./J M;/8;7B.5>27.B4 ;8./@B. ∅ ∈ H.

��
�� &'()*+,-� .>�1=� �05;0>6
=50 µ : H → R+

#755�2/0" 3P/2N 81BE135.3 /$�$�7/! �
H

&�����'$/>��$'$/8 &�
�9
µ (∅) = ∅,�9 � / " /8 ���� H1, H2 ∈ H

2� H1 ⊆ H2 ⇒ µ (H1) ≤ µ (H2) ,�9
σ ���69�>>*"7�8 ���� H = ∪∞

n=1Hn

8
H,Hn ∈ H ∀n ∈ N ⇒ µ (H) ≤∑∞

n=1 µ (Hn) .



�� ������������� 	
����
X 306.E3.7N ://SE:2 .9@ 5;9@=5 O=5E=2 <1/>; 3P/2N 81BE13B.+

��
�. :11*;<=� .2')'5<1; >�1=� �05;0>6B$50$/
H

$50 "$"��%�$5$� X �9$�* &�����'$/>��$'8 ��$�0'$
∅ ∈ H, µ : H → R+

&�����#755�2/08
��$�0'$ µ (∅) = 0.

�$�/*����

µ? (M)
.
= inf

{ ∞
∑

n=1

µ (Hn) : M ⊆ ∪∞
n=Hn, Hn ∈ H

}

.

	�"" �� 7'$�&����� */��6��/ +∞�" 2'"�7!9
 =!! ' µ? �� $52�� &�"��/0&����� / 2'"$��$�$"" !7��%
�2'"2!8 " ��99� �*/>$/ H ∈ H

$�$"2/ µ? (H) ≤ µ (H) .

K,?@)3*;<=�X7 HE�DDJ .9@.5NE/.5219 306.E3.7J3 ;DD�/4 M=9@ {H} J2 .9@ HYD./J /.9O./I.DD 8.927:8/:/M;E�/.O.>12. HY5;34 ;8JDN/ <.B27. µ? (H) = 0
J2 /:E27J3+ X 8=5=E=5JE:2 J2 5@J/6:56;/�4 MJ27.5 DN6.DDM;/8;7 J5OH8H8; 3J2.DD+ X σY27HD;>>JEJ6JE:2M=7 E.9@P3 O./4 M=9@ M = ∪∞

n=1Mn.
X8.55@JD.5

∑∞
n=1 µ

? (Mn) = +∞,
:9@ 3127.5 J2 6;9@H53+1//.53.7N .2.ED.5 B097SE2P53 6;/;8./@ ε > 0 27:8=E+�.B27. µ? (Mn) < +∞, .71BE ;7 ε/2n 27:8M=7 /1E.7J3 H(n)

i ∈ H, i = 1, . . . .+ ∞, Mn ⊆ ∪∞
i=1H

(n)
i/.O.>124 ;8./@B. µ? (Mn) + ε/2n >

∑∞
i=1 µ

(

H
(n)
i

)

.
133=B <.B27.

M ⊆ ∪∞
n=1∪∞

i=1H
(n)
i , .71BE µ? (M) ≤

∞
∑

n=1

∞
∑

i=1

µ
(

H
(n)
i

)

<
∞
∑

n=1

(µ? (Mn) + ε/2n) =
∞
∑

n=1

µ? (Mn)+ε.

17 1<<.5 ; µ? M;/8;7OP99615@ σY27HD;>>JEJ6JE:2:E I./.5EJ4 .71BE µ? 6;/�D;5 ;7 .9127 M;E6:5@M;/Y8;7=5 1BE./8.7.EE 3P/2N 81BE13+ ❏

��
�4 :11*;<=� .�� 10�0=6B$50$/
H

�$"��$" ��'" 2�
∅ ∈ H.

F� µ : H → R+
!7��% �2'"2!8 �!! ' � # $/" >$�/*��" µ?!*"$'� $��"2�$ *� µ�/$!8 ���� �*/>$/ H ∈ H

�$��$""
µ (H) = µ? (H) .

K,?@)3*;<=�X7 ./N7N ://SE:2 27.BJ5E T2;3 ; µ (H) ≤ µ? (H) .9@.5/NE/.5219 27=BH/ J5>=3/:2B;+ X8.55@JD.5
µ? (H) = +∞ 4 :9@ 3127.5 J2 6;9@H53+ 1//.53.7N .2.ED.5 ;>=EE ε > 0 27:8M=7 E.3J5E2P53 .9@=/@;5 8.927:8/:/M;E�

HYD./J /.O.>121E HY5;3 �H ⊆ ∪∞
n=1Hn, Hn ∈ H

�4 ;8./@B. ∑µ (Hn) <
µ? (H) + ε.

R= >. H = ∪∞
n=1 (H ∩Hn) 12 H ∩Hn ∈ H.

171BE ; 3P/2N 81BE13 σY27HD;>>JEJ6JE:2;12 8=5=E=5JE:2; 27.BJ5E

µ (H) ≤
∞
∑

n=1

µ (H ∩Hn) ≤
∞
∑

n=1

µ (Hn) < µ? (H) + ε.

17E 3.//.EE D./:E5J+ ❏

��
�< &'()*+,-� .�A5;�'@G@53 05;'1'�J') �05�';� �A1�A?6B$50$/ µ : P (X) → R
 �0�/ &�����#755�2/08 �$�0/$! 2'"2!!2���$"$ � +∞ 2� −∞ !;�7� ���! ��$50*!$" "�'"�������8 ���� µ (A) + µ (B) �*/>$/ A,B &�����'� 2'"$��$�$""9 �$�/*����

Aµ
.
= {A ⊆ X : ∀M ⊆ X �'$ µ (M) = µ (M ∩A) + µ (M ∩Ac)}

��
Aµ

&�����'$/>��$'" � µ�'$ /2��$ [;B;EM.=>=B@ 1BE./.8D.5 81BM.EN &����� !/�! /$�$��7!9
��
�? :11*;<=� ..� 10�0=6

B$50$/ µ : P (X) → R+,
�$�0'$ µ (∅) = 0. =!! ' ��

Aµ

&�����'$/>��$' $50 ��5$9'�� 2� � µ&�����#755�2/0/$! ��
Aµ

�'$ ���� �$5�� '7"��� $50 �25$�$/ �>>*"7� &�����#755�2/09
�$�/*���� "$"��%�$5$�$/ ';5�7"$"" M ⊆ X �$��$""

µM (A)
.
= µ (M ∩A) �� $52�� &�"��/0&����� /2'"$��$�$"" µM

&�����#755�2/0"9 =!! ' µM
�/$!

Aµ
�'$ ���� �$5�� '7"��� *� �25$�$/ �>>*"7�9



��� � �������
�
������� �������	���	� ���
�
	� ��
K,?@)3*;<=�1/N270B ;7E 8HE;EIH3 8.94 M=9@ ;7

Aµ
M;/8;7B.5>27.BB.+ (1) X ∈ Aµ; (2) A ∈ Aµ ⇒ Ac ∈ Aµ; (3)

A1, A2 ∈ Aµ ⇒ A1 ∩ A2 ∈ Aµ.
17 ./2N 31E ://SE:2 ;7

Aµ
M;/8;7B.5>27.B >.J5STJ�I:5;3 ;7=55;/J306.E3.7815@.+ X 8.E27.EB. 6;/� 7:BE2:9 DJ7=5@SE:2:M=7 ;7E 3.// 8.98HE;E5H534 M=9@ E.E27N/.9.2

M ⊆ X M;/8;7B; µ (M) = µ (M ∩A1 ∩A2) + µ (M ∩ (A1 ∩A2)
c
) .
X7 A1

M;/8;7 [;B;EM.=>=B@81BM.EN219. 8J;EE
µ (M) = µ (M ∩A1) + µ (M ∩Ac

1) ._;2=5/�;5 ;7 A2
M;/8;7 [;B;EM.=>=B@ 81BM.EN219. 8J;EE

µ (M ∩A1) = µ (M ∩A1 ∩A2) + µ (M ∩A1 ∩Ac
2) .

�IB; M;275:/6; ;7 A1
M;/8;7 [;B;EM.=>=B@ 81BM.EN2191E ;7E 3;<IH34 M=9@

µ (M r (A1 ∪A2)) = µ ((M r (A1 ∪A2)) ∩A1) + µ ((M r (A1 ∪A2)) ∩Ac
1) .R= >. ; I=DD=/>;/=5 27.B.</N M;/8;7=3B;

(M r (A1 ∪A2)) ∩A1 = ((M rA1) ∪ (M rA2)) ∩A1 = (M rA2) ∩A1
12

(M r (A1 ∪A2)) ∩Ac
1 = ((M rA1) ∪ (M rA2)) ∩Ac

1 = M rA1.

�227.9.76. E.M:E
µ (M) = µ (M ∩A1) + µ (M ∩Ac

1) = µ (M ∩A1 ∩A2) + µ (M ∩A1 ∩Ac
2) + µ (M ∩Ac

1)

= µ (M ∩A1 ∩A2) + µ ((M r (A1 ∪A2)) ∩A1) + µ ((M r (A1 ∪A2)) ∩Ac
1)

= µ (M ∩A1 ∩A2) + µ (M r (A1 ∪A2)) = µ (M ∩A1 ∩A2) + µ (M ∩ (A1 ∩A2)
c
) .

17E 3.//.EE D./:E5J ;MM=74 M=9@ J9;7=/IH3 ;7
Aµ

M;/8;7B.5>27.B σY;/9.DB; 8J6=/E:E+\.9@.5 8=2EM ⊆ X B097SE6.4 E=6:DD:A ∈ Aµ
12B ⊆ X >J27IH53E M;/8;7=3+133=B ;/3;/8;76;;7 A M;/8;7 [;BEM.=>=B@Y1BE./.8D.5 6.EE 81BM.EN21915.3 >.�5STJ�I:E ;7E 3;<IH34 M=9@

µM (A ∪B) = µ (M ∩ (A ∪B)) = µ ((M ∩ (A ∪B)) ∩A) + µ ((M ∩ (A ∪B)) ∩Ac)

= µ (M ∩A ∩ (A ∪B)) + µ (M ∩Ac ∩ (A ∪B)) = µ (M ∩A) + µ (M ∩B)

= µM (A) + µM (B) .

1DDN/ 306.E3.7J3 ; µM
12 ; µX = µ M;/8;7OP99615@.3 619.2.5 ;>>JEJ6JE:2; ;7 Aµ

M;/8;7;/9.DB;O0/0EE+ ❏

��
�A :11*;<=� .4� 10�0=6
B$50$/ µ : P (X) → R+

!7��% �2'"2!9 =!! ' ��
Aµ

&�����'$/>��$' $50 σ ���5$9'�� µ (A) = 0$�$"2/ �� A ∈ Aµ
*� # $//���� µ�/$! ��

Aµ
�'$ ���� µ̃ �$5�� '7"��� $50 σ ��>>*"7� &�����#755�2/0� 2�

�� (X,Aµ, µ̃) �2'"2!"2' "$�� $�9
K,?@)3*;<=�\:EEH34 M=9@

Aµ
;/9.DB; ./.9.5>N E.M:E D./:E5J4 M=9@

Aµ
7:BE ; >J27IH53E 8.927:8/:/M;E� .9@.Y2SE12B.+ \.9@.5.3 An ∈ Aµ

.9@8:2E�/ >J27IH53E M;/8;7=3 12 /.9@.5 A = ∪An
.7.3 .9@.2SYE12.+ \.9@.5 BN

.
= ∪N

n=1An ∀N ∈ N
8.//.EE+ GJ6./

Aµ
;/9.DB;4 .71BE BN ∈ Aµ.

�BJ6J4 M=9@
BN ⊆ A

+ X
BN

M;/8;7 [;B;EM.=>=B@Y81BM.EN219. 8J;EE µ (M) = µ (M ∩BN ) + µ (M ∩Bc
N ) =

∑N
n=1 µ (M ∩An) + µ (M ∩Bc

N ) ≥
∑N

n=1 µ (M ∩An) + µ (M ∩Ac) .
�. .7 8J5>.5 N ∈ N

.2.E15O.55://4 ;7;7

µ (M) ≥
∞
∑

n=1

µ (M ∩An) + µ (M ∩Ac) ≥ µ (M ∩A) + µ (M ∩Ac) .

G.9O=B>SE6; ; µ (M) ≤ µ (M ∩A) + µ (M ∩Ac) .9@.5/NE/.5219 8J5>J9 O.55:// ; 3P/2N 81BE1327HD;>>JEJ6JE:2; 8J;EE+



�� ������������� 	
����
_; 6;/;8./@ A ⊆ X 8.//.EE µ (A) = 0, ;33=B 8J5>.5 M ∈ P (X) .2.E15 µ (M) ≤ µ (M ∩A) +

µ (M ∩Ac) ≤ µ (M) ,
E.M:E µ (M) = µ (M ∩A) + µ (M ∩Ac)

J2 E./I.2P/+\:EEH3 8:B4 M=9@ µ̃ ;>>JES64 .71BE O.5EJ I./0/12.3.E M;275:/6;
N
∑

n=1

µ̃ (An) = µ̃ (BN ) = µ (BN ) ≤ µ (A) = µ̃ (A)

.9@.5/NE/.5219 O.55:// 8J5>.5 N E.B8127.E.2 27:8 8.//.EE+ 1DDN/ <.B27. ; µ̃ 27H<.B;>>JEJ6JE:2;8:B 306.E3.7J34 12 8J6./ µ̃ .9@ 3P/2N 81BE13 8.927=BSE:2:6;/ 6;5 >.�5J:/6; .71BE 5@J/6:56;/�;527HD;>>JES6 J2+\.9@.5 8=2E B ⊆ A ∈ Aµ
12 µ̃ (A) = 0.

133=B ; 3P/2N 81BE13 8=5=E=5JE:2; 27.BJ5E µ (B) = 0J2 O.55://4 E.M:E ; 8:B DJ7=5@SE=EE;3 27.BJ5E B ∈ Aµ

J2 E./I.2P/+ 17 1<<.5 ;7E I./.5EJ4 M=9@ µ̃ E./I.281BE13 ;7
Aµ σY;/9.DB:5+ ❏

��
�� �0;'1� .<� 10�0=D >,;'5H'=?;0=, ;0;'16B$50$/
P

$50 # 2�50C'C 2� µ : P → R+
�2'"2!9 �$�;�� $ µ? � µ 5$/$'��"� !7��% �2'"2!$"8 ��$�0

�� $52�� &�"��/0&����� / ��/ 2'"$��$��$9 �$�;�� $
Aµ?

� ��'�"&$ > '0 2'"$�$�9$/ µ? �2'&$"%&����� ! σ ���5$9'���"9 =!! ' P ⊆ Aµ?

9
K,?@)3*;<=�1/.9.5>N 8.99=5>=/5H534 M=9@

P ⊆ Aµ∗ .
\.9@.5 A ∈ P

; E=6:DDJ;3D;5 B097SE.EE+ ,J/:9=24 M=9@E.E27N/.9.2 M 8.//.EE µ∗ (M) ≤ µ∗ (M ∩A) + µ∗ (M ∩Ac) MJ27.5 µ∗ 27HD;>>JES6+ X8.55@JD.5
µ∗ (M) = +∞ /.55.4 ;33=B 3127.5 J2 6;9@H53+ _; µ∗ (M) <∞, ;33=B 8.9 3.// 8HE;E5H534 M=9@
µ∗ (M) ≥ µ∗ (M ∩A) + µ∗ (M ∩Ac) .

\.9@.5 E.M:E M ⊆ ∪nAn,
;M=/ An ∈ P

12∑
n µ (An) < ∞.�.B27. .33=BM ∩A ⊆ ∪n (An ∩A) .9@ PYD./J M;/8;7=3D�/ ://� /.O.>12 .71BE µ∗ >.�5STJ�I; 8J;EE

µ∗ (M ∩A) ≤
∞
∑

n=1

µ (An ∩A) .

_;2=5/�;5 M ∩ Ac ⊆ ∪n (An rA) .
X7 An r A ;/;3: M;/8;7=3 ./N://5;3 8J5E >J27IH53E

PYD./JM;/8;7=3 .9@.2SE12.4 .71BE ∪n (An rA) ./N:// 8J5E PYD./J /.O.>12+ X7 r (P) 9.5.B:/E 9@ABAB. 3JE.BYI.27E.EE 81BE13.E µ̂Y<;/ I./0/6.

µ∗ (M ∩Ac) ≤
∞
∑

n=1

µ̂ (An rA) =

∞
∑

n=1

µ̂ (An r (An ∩A)) =

∞
∑

n=1

(µ̂ (An) − µ̂ (An ∩A))

=

∞
∑

n=1

(µ (An) − µ (An ∩A)) .

�EE 3JM;275:/EH3 ; 9@ABA5 1BE./8.7.EE 81BE13 27HDEB;3EJ6JE:2:E4 ;8J O.55:// µ̂ (An) = µ (An) <∞27.BJ5E+ X7 ./N7N 31E 3J.8./E 2=BE 0227.6.E6. 12 3JM;275:/6;4 M=9@ ;∑
n µ (An ∩A) 2=B 3=56.B9.52;7E 3;<IH34 M=9@

µ∗ (M ∩A) + µ∗ (M ∩Ac) ≤
∞
∑

n=1

µ (An ∩A) +

∞
∑

n=1

(µ (An) − µ (An ∩A)) =

∞
∑

n=1

µ (An)

O.55:// 8J5>.5M ⊆ ∪nAn PYD./J O.>12 8.//.EE4 E.M:E µ∗ (M ∩A)+µ∗ (M ∩Ac) ≤ µ∗ (M) 6;/�D;5E./I.2P/+ ❏

��
�
 X ��'"&$ > '0�# 2�$ !*"$'� $��"2�* $���'�� / ;7 ;/:DDJ ./I:B:2E 1BEIP3+ �.3J5E2P53 .9@
P ⊆ P (X)O1/9@ABA5 1BE./8.7.EE µ 81BE13.E+ \:EEH34 M=9@ .7 3JE.BI.27EM.EN .9@ ;7 .9127 M;E6:5@M;/8;7=51BE./8.7.EE µ? 3P/2N 81BE1331+ -./0/I. Aµ?

;7 .7.5 µ? 3P/2N 81BE13 27.BJ5E [;B;EM.=>=B@ 1BE.Y/.8D.5 81BM.EN M;/8;7=3 B.5>27.B1E+ �H>IH34 M=9@
Aµ?

.9@ ;
P
O1/9@ABAE E;BE;/8;7� σY;/9.DB;+-./0/I. µ̃ ; µ?Y5;3 .BB. ;7 Aµ? σY;/9.DB:B; 6;/� 8.927=BSE:2:E+ \:EEH34 M=9@ µ̃ .9@ σY;>>JES6 M;/Y8;7OP99615@ 12 ;7 (X,Aµ? , µ̃)

E./I.2 81BE13E1B4 12 <.B27. µ̃ ; µ 3JE.BI.27E12.+



��� ����	����������� ��
��
�� X7 ./N7N E1E./.3 5@J/6:56;/� 306.E3.7815@.4 M=9@ .9@ O1/9@ABA5 1BE./8.7.EE 81BE13 E./I.2 81BE13Y315E 3JE.BI.27EM.EN ; O1/9@ABA :/E;/ 9.5.B:/E σY;/9.DB:B; J24 T2;3 ; O.5EJ µ̃ 81BE13.E 3.// ; 9.5.B:/E

σY;/9.DB:B; /.27=BSE;5H53+?./8.BP/ ; 31B>124 M=9@ ; /.M.EY. .2.E/.9 8:2 8�>27.BB./ 8:2O;IE; 81BE133JE.BI.27E12.3.E 9@:BYE;5J+ �=5>=/IH53 ;BB;4 M=9@ ; ?HDJ5JYE1E./ DJ7=5@SE:2;3=B 8:B 3JE.BI.27E.EEP53 .9@ ; 27=B7;E O1/Y9@ABA5 1BE./8.7.EE 27=B7;E 81BE13.E ; 9.5.B:/E 27=B7;E σY;/9.DB:B;+ X 31B>124 M=9@ 8J ; 3;<T2=/;E; 31E 3JE.BI.27E12 3070EEM X7 ;/:DDJ;3D;5 .BB. ; 31B>12B. ;>H53 6:/;27E+ X7E O=9IH3 3;<5J4 M=9@
σY619.2 .2.ED.5 8J5>.54 ; 9.5.B:/E σY;/9.DB:J9 E.BI.>N 81BE133JE.BI.27E12 H9@;5;7E ;7 .B.>815@E;>I;4 8J5E ; O.5E 8.9J28.BE [;B;EM.=>=B@YO1/. 3JE.BI.27E12J ./I:B:2+

��
��� :11*;<=�
� !*"$'� $��"2�* $���'��9�/ >$�/*��" µ̃ �

P
# 2�50C'C/ 2'"$��$�$"" �2'"2! ��)*���*� !*"$'� $��"2�$σ (P)�'$ ����8 &� ν $50 ���*! �2'"2! σ (P)�/8 �$�0'$ ν = µ �

P
�9$�* &����� ! /8 �!! ' ν ≤ µ̃.

K,?@)3*;<=�\.9@.5 E.M:E E ∈ σ (P) B097SE6.+ X8.55@JD.5 µ∗ (E) = ∞ :9@ 3127.5 J2 6;9@H53+ _; 6;5
EY5;3 E ⊆ ∪nAn

D.O.>12. 8./@B. An ∈ P
12 ∑

n µ (An) < ∞ E./I.2P/4 ;33=B ; ν 81BE13 σY27HD;>>JEJ6JE:2; 8J;EE ν (E) ≤ ν (∪nAn) ≤ ∑

n ν (An) =
∑

n µ (An) .
17 1<< ;7E I./.5EJ4 M=9@

ν (E) ≤ µ∗ (E) = µ̃ (E) . ❏

��
��� &'()*+,-� .σ��02'= �05;0>6B$50$/
P

$50 # 2�50C'C 2� µ $50 �2'"2!
P
�/9 ��" � />�6!8 & 50 � µ �2'"2! σY619.2 81BE138 &��2"$�/$! Xn ∈ P

&����� !8 �$�0$!'$ X = ∪∞
n=1Xn

2� µ (Xn) <∞.

,J/:9=24 M=9@ ; O.5EJ >.�5STJ�D;5 ;7E J2 O./E.M.EIP34 M=9@ ;7Xn
M;/8;7=3 .9@8:2E�/ >J27IH53E;3+�

P
O1/9@ABA+�

��
��. �0;'1� .�),+,;<=6
B$50$/ �

P
# 2�50C'C/ >$�/*��" µ �2'"2! σ ��25$�9 =!! ' � # $/" >$�/*��" µ̃ � µ�/$! $50$"�$/ �2'�"2!!*"$'� $��"2�$ ����8 &� ν $50 ���*! �2'"2! σ (P)�/8 �$�0'$ ν = µ �

P
�9$�* &����� ! /8 �!! '

ν = µ̃.
K,?@)3*;<=�1/2N /1<12315E E.9@P3 O./4 M=9@ E ∈ σ (P) =/@;5 M;/8;74 8./@M.7 /1E.7J3 .9@ A ∈ P, 8./@B. E ⊆ A12 µ (A) <∞ + 133=B A = E ∪ (Ar E) 12 ν ≤ µ∗ 8J;EE

ν (A) = ν (E) + ν (Ar E) ≤ µ∗ (E) + µ∗ (Ar E) = µ∗ (A) = µ (A) .

R= >. ;
PYD./J M;/8;7=3=5 ; µ 12 ; ν 81BE13.3 ;7=5=2;34 .71BE ν (E) + ν (Ar E) = µ∗ (E) +

µ∗ (Ar E) .
]JM;275:/6;4 M=9@ ; D;/=/>;/=5 31E 619.2 27:8 0227.9. 27.B.<./ ;7E 3;<IH34 M=9@

0 = (µ∗ (E) − ν (E)) + (µ∗ (Ar E) − ν (Ar E)) .

17 6J27=5E ;7E I./.5EJ4 M=9@ 0 27:8=E ./N://SE=EEH3 31E 5.8 5.9;ES6 27:8 0227.9.315E4 E.M:E µ̃ (E) =
µ∗ (E) = ν (E) .G=2E E.9@P3 O./4 M=9@ E ∈ σ (P)

E.E27N/.9.2 M;/8;7+ GJ6./ µ σY619.2 ; PY54 .71BE /1E.75.3>J27IH53E An
M;/8;7=34 8./@.3B. µ (An) < ∞ 12 X = ∪nAn.

,J/:9=24 M=9@ E = ∪n (E ∩An) 12;7 ./N7N <=5E 27.BJ5E µ̃ (E ∩An) = ν (E ∩An) .
]JM;275:/6; µ̃ 12 ν σY;>>JEJ6JE:2:E 3;<IH34 M=9@

ν (E) = µ̃ (E) . ❏

���� ��$��������"%�	

X/3;/8;77H3 ; 3JE.BI.27E12J ./I:B:2E4 ; 306.E3.7N 2<.TJ:/J2 .2.ED.5+X = R, P
; D;/B�/ 7:BE I=DDB�/5@S/E 3=B/:E=2 J5E.B6;//H8=3 O1/9@AI.4 µ = λ, ;M=/ λ ([a, b))

.
= b− a.

R.8 5.M17 8.98HE;E5J4 M=9@.66./ ; >.�5STJ�6;/ λ 6;/�D;5 .9@ 81BE13 ; P
O1/9@ABA5+



�� ������������� 	
����
����� &'()*+,-� .�'J'=2I'��05�';� �A1�A?@> 0= �'J'=2I'��05;0>6B$50$/

P
9��'�� ��'"8 � 99'�� /07�" ! '��" � */"$'����6� ! # 2�50C'C� $8 λ : P → R+

� & ������5#755�2/09 B�""6!8 & 50 λ �2'"2! �
P
# 2�50C'C/9 �$�;�� $ λ? � λ 5$/$'��"� !7��% �2'"2!$"8 ��$�0 ��

R$52�� &�"��/0&������/ ��/ 2'"$��$��$8 � $�;�� $ Λ � ��'�"&$ > '0 2'"$�$�9$/ λ? �2'&$"% &����� !
σ ���5$9'���" 2� λ̃ � λ? �/�! � Λ�'� ���� �$5�� '7"���"9

� !*"$'� $��"2�* "2"$� ��$'*/"
P ⊆ Λ,

2� λ̃ (E) = λ (E) �*/>$/ E ∈ P
�'$8 "$&�" � 9��'�� ��'"

� 99'�� /07�" */"$'����6� ! # 2�50C'C� 2/ 2'"$��$�$"" & ������5 #755�2/0" !*"$'� $��"$""7! $50 $�" �# 2�50C'C" "�'"������ "$�� $� σ ���5$9'�'�9 � Λ σ ���5$9'�" /$�$��7! � \.D.29H.Y81BM.EN &����� !
σ ���5$9'���/�!9 �$�;��7! �� $50��$'C�25 !$>�22'" " ��99'� *� λ���� � !*"$'� $��"$"" &�����#755�2/0"2� /$�$��7! $�" \.D.29H.Y81BE135.39

,J/:9=24 M=9@
B ⊆ Λ 4 ;M=/ B

;7
R
�=B./YM;/8;7;JE I./0/J+ G.98HE;EM;E� �.7 5.M17�4 M=9@ B./.8.J5.3 27:8; 3=5EJ5HH84 >. Λ .36J<=E.52

R
M;E6:5@M;/8;7:6;/+ �[;5E=B M;/8;7 \.D.29H.Y5H//81BE13A 12 3=5EJ5HH8 27:8=22:9:4 .71BE ; M;E6:5@M;/8;7:5;3 8J5>.5 ./.8. ; E./I.2219 8J;EE81BM.EN�X 3JE.BI.27E12J ./I:B:2 :IB;9=5>=/:2:6;/ 3;<IH3 ; 306.E3.7N ://SE:2E+

����. :11*;<=� .�'J'=2I'��05;0> '1;@1<= ,)�A5,<)=6
� B$9$�56$��2'"2! $�" ��� */��'*�/�8 ���� �*/>$/ E ∈ Λ

$�$"2/ x+ E ∈ Λ,
2�

λ (x+ E) = λ (E) .

155.3 2.9SE21916./ ; 3J6:/;27E:2J ;
J�8; /.M.EN219.E ;> ;55;3 8.98HE;E:2:B;4 M=9@ ; \.D.29H.Y81BM.EN M;/8;7=3 M;/8;7; 5.8 E.27J 3J ;7
R
.9127 M;E6:5@M;/8;7:E+

����4 :11*;<=� .�01GA )'� �'J'=2I'��05�';� �A1�A?5A6
�$�/*���6! �� ���99* $!�*���$/�*� '$���*�" � (0, 1) */"$'����6� /9 (x, y) ∈ R 3 /" ��/ �!! '8 &�
x− y ∈ Q.

B$50$/ E �� */"$'����6� �� / 3 /"��*/�! &������8 �$�0$!$" �50 !�36/!8 & 50 �*/>$/$!�*���$/�*�  ��"��09�� !*�$��7/! $50$"�$/ $�$�$"9 =� � &����� /$� B$9$�56$��2'&$"%9
K,?@)3*;<=�G.98HE;EIH34 M=9@

(0, 1) ⊆ ∪r∈(0,1)∩Q (r + E) ⊆ (−1, 2) ,

;M=/ ; 3071<.5 >J27IH53E .9@.2SE12 27.B.<./+
· r, s ∈ Q, r 6= s ⇒ (r + E) ∩ (s+ E) = ∅.

�9@;5J2 r + e1 = s + e2
.2.E15 �e1, e2 ∈ E� r − s =

e2 − e1 ∈ Q.
17 ;7E I./.5EJ4 M=9@ e2 12 e1 H9@;5;7=5 .36J6;/.5TJ;=27E:/@D�/ 27:B8;75;34 E.M:E

e1 = e2,
;7;7 r = s, ;8J .//.5E8=5>:2+

· ∀z ∈ (0, 1)YM.7 ∃r ∈ (0, 1)∩Q
4 M=9@ z ∈ r+E.

�9@;5J2 ∃e ∈ E ⊆ (0, 1) , 8./@B. z 12 e .9@8:22;/.36J6;/.52.3 R 27.BJ5E4 ;7;7 z − e = r ∈ Q,
E.M:E z = r+ e.

G:2B127E r ∈ (0, 1)− (0, 1) ⊆ (−1, 1) ._; E.M:E E \.D.29H.Y81BM.EN /.55.4 ;33=B ;7 A .
= ∪r∈(0,1)∩Q (r + E) M;/8;7 J2 \.D.29H.Y81BM.EN /.55.4 MJ27.5 ; \.D.29H.Y81BE13 ./E=/:2 J56;BJ:524 12 A 8.927:8/:/M;E�;5 2=3 \.D.29H.Y81BM.EN M;/8;7 .9@.2SE12.+ R= >. 1 < λ (A) < 3, 8:2B127E λ (A) =

∑∞
n=1 λ (E) , ;8J 6;9@ 0 6;9@

+∞ /.M.E+ GJ5>31E .2.ED.5 .//.5E8=5>:2E 3;<H53+ ❏X \.D.29H.Y81BE133./ 3;<=EE ;D27EB;3E J5E.9B:/ ./81/.E .9@D..2J3 ; 3/;227J3H2 ^J.8;55YO1/.J5E.9B:/./81/.EE./ =/@;5 OP99615@.3B.4 8./@.3B. .7 HE�DDJ5;3 1BE./8. 6;5+
����< :11*;<=� .�,'�A))�,);'25<1�A;- /�22�0)3 �'J'=2I'�,);'25<1�A;- ,=6B$50$/ f $50 ! '��" � 2� ��'" */"$'����6� / 2'"$��$�$"" ! '��" � #755�2/09 ��$//0*9$/ f �*$��//�

*/"$5'��&�"�8 �!! ' f ∈ L1
2�

∫ b

a

f (x) dx =

∫

[a,b]

f dλ,

�& � � 9��  �>�� �� f �*$��//�*/"$5'����" 2� � � 99 �>�� �� f �/$! � λ �2'"2! ��$'*/"* */"$5'����"� $�;�*9



��� ����	����������� ��
����? G=2E >.�5J:/IH3

RnY.5 ; \.D.29H.Y81BE13.E+ X >.�5STJ� .9@J3 O=5E=2 ./.8.4 ; ?HDJ5JYE1E./BN/ 27�/�O.I.7.ED.5 ; 27=B7;E81BE13 >.�5JTJ�I; HE:5J 8.9I.9@712D.5 B.I/J3+ XBB�/ 6;5 H9@;5J2 27�4 M=9@ ;
λ× λ 27=B7;E81BE13 8:B >.�5J:/E ;

(λ× λ) (Q)
.
=

∫

R

λ (Qx) dλ (x) =

∫

R

λ (Qy) dλ (y) .

8J5>.5 =/@;5 Q M;/8;7B;4 ;8./@ ./.8. ; Λ × Λ
E19/:3 9.5.B:/E; σY;/9.DB:5;3+ GJ6./ ; B

�=B./YM;/8;7=3 ./.8.J ; Λ
\.D.29H.Y81BM.EN M;/8;7=35;34 12 ;7 RYD./J �=B./YM;/8;7=3 nY27.B.2 27=BY7;E; 9.5.B:/E; σY;/9.DB; .9@D..2J3 ;7 Rn 5@S/E M;/8;7;J 9.5.B:/E; σY;/9.DB:6;/4 .71BE ;7 Rn �=B./YM;/8;7;J5 ;7 n >;B;D .9@>J8.57J�2 \.D.29H.Y81BE13 7=B7;E; 8:B 81BE13315E >.�5J:/6; J2 6;54; O.5E 3J.8./E 31</.E.E ;/3;/8;76; nYJ9 J5>H3TJ�6;/+ X7E J2 /:EEH34 M=9@ .66./ ; >.�5STJ�6;/ .9@27=B7;EE19/; .2.E15+

(λ× ...× λ)

(

n
∏

i=1

[ai, bi)

)

= Πn
i=1 (bi − ai) .

17 6J27=5E ;7E I./.5EJ4 M=9@ ;8.55@JD.5 .7 HE�DDJ 8�>=5 >.�5J:/IH3 T2;3 ;
P
27=B7;EE19/:3;E E;BYE;/8;7� O1/9@ABA5 ;7 .9@ >J8.57J�2 λ \.D.29H.Y81BE13 nY27.B.2 27=B7;E:E4 ;33=B .9@B127E 81BE13.E3;<H53 ;

P
M;/8;7B.5>27.B.54 8:2B127E ;/3;/8;76; ; 3JE.BI.27E12J ./I:B:2E 12 ;55;3 .9@1BE./8AY2191E4 =/@;5 3JE.BI.27E.EE 81BE13.E 3;<H534 ;8./@.E ;7

Rn �=B./YM;/8;7;JB; 8.927=BSE6;4 6J227;Y3;<IH3 ;7E ; 81BE13.E4 ;8./@.E ; ?HDJ5JYE1E./ 2.9SE21916./ >.�5J:/EH534 >. T2;3 ; Λ × Λ
E19/:39.5.B:/E; σY;/9.DB:5+

����A &'()*+,-� .�'J'=2I'��05�';� �A1�A? 0= �'J'=2I'��05;0>6�$�;�� $
P

��
Rn 9��'�� ��'" � 99'�� /07�" */"$'����6��*/�! &������"9 �*��5 �

P
�� n���$'$� �� '��"���

R
9��'�� ��'" � 99'�� /07�" */"$'����6��*" "�'"������ # 2�50C'C/$!8 $�2'" ��5� *� # 2�50C'C9 �

�69*/*�"2"$� &����� !'� � /�"! �� ���!�� ��$'*/" �

λ(n)

(

n
∏

i=1

[ai, bi)

)

= Πn
i=1 (bi − ai) .

��> / >$�/*��" &�����#755�2/0 �2'"2!
P
�/ 	*�
 9 ��!�����&�"�6! "$&�" � !*"$'� $��"2�* $���'��" ��

(

Rn,P, λ(n)
) # 2�50C'C'$9 ��" !�3�6!8 & 50 �2"$�*!  �0�/ Λ(n) σ ���5$9'� �$�0'$

P ⊆ Λ(n) 2� �2"$�*!
 �0�/ " ��99'� *� λ(n) �$� � $�;�" �2'"2! !*"$'� $��"2�$ �� $'$>$"* �2'"2!/$! � Λ(n) σ(��5$9'�'�8 ��$�0"$�� $� *�9 � Λ(n) σ ���5$9'�" /$�$��7! �� nY>J8.57J�2 \.D.29H.Y81BM.EN M;/8;7=3 σ ���5$9'���/�!2� � !*"$'� $��"$"" λ(n) �2'"2!$" 3$>*5 nY>J8.57J�2 \.D.29H.Y81BE135.39

����� :11*;<=� .�'J'=2I'�/01' >�1=� �05;0> >*��15�1 )3*1;�5'2I1<5,=6
�$�;�� $ λ? � # $/"* >$�/7�*�9�/ �

P
# 2�50C'C/ 2'"$�$�$�$"" λ(n) "2'#  5�" #755�2/0 5$/$'��"� !7��%

�2'"2!$"8 2� λ �� n�>*�$/�*�� B$9$�56$ �2'"2!9 =!! ' �*/>$/ B ⊆ Rn $�$"2/

λ? (B) = inf {λ (G) : B ⊆ G,G /07�"} .
����
 :11*;<=� .�'J'=2I'��05;0> 5'2I1<5,=6

�$�;�� $ (Rn,Λ, λ) �� n�>*�$/�*�� B$9$�56$��2'"2!$"9 =!! ' �*/>$/ M ∈ Λ
B$9$�56$��2'$"% &���

���& � 2� �*/>$/ ε > 0�
& � �2"$�*!  �0�/ G /07�" 2� F ��'" &�����8 & 50

F ⊆M ⊆ G �����*/" λ (Gr F ) < ε.

����� &'()*+,-� .
Gδ

0=
Fσ �A1�A?@>6

Gδ

&�����/�! /$�$�7/! $50 " 3 ��5*!6� "2'9$�* &�����"8 ��$//0*9$/ �� $�%��� �$5�������&�"��/ � !
/07�" &����� �$"��$"$!2/"8 2�

Fσ
�/�!8 &� �� $�%��� �$5�������&�"��/ � ! ��'" &����� $50$�7"2�$!2/"9



�� ������������� 	
����
������ :11*;<=�

�$�;�� $ (Rn,Λ, λ) �� n�>*�$/�*�� B$9$�56$��2'"2!$"9 8*/>$/M ∈ Λ
B$9$�56$��2'&$"% &�����& ��2"$�*! $50 G &����� ��$�0

Gδ

2� �2"$�*! �����$�0 F &�����8 ��$�0
Fσ

2�
F ⊆M ⊆ G, �����*/" λ (Gr F ) = 0.

������ :11*;<=�
�� n >*�$/�*�� B$9$�56$��2'"2!/$! � � '$��&����� !'� ���� �$5�� '7"���/�! "$�� $��2 "2"$�2�$�!�3�6! �� n�>*�$/�*�� B$9$�56$��2'&$"% &����� !�" 2� �� n�>*�$/�*�� B$9$�56$��2'"2!$"9

�����. X7 ./NDDJ.3 27.BJ5E4 3JE.BI.27E12J ./I:B:2 51/3P/ J2 >.�5J:/M;E� /.55. ; ;7 nY>J8.57J�2 �n > 1�\.D.29H. 81BE13 ; ?HDJ5JYE1E./ 2.9SE21916./ ; 306.E3.7N 31E /1<12D.5+ X7 ./2N /1<12 ; M;/8;Y7=3B; 6=5;E3=7� ?HDJ5JYE1E./4 ;8J6./ >.�J:/EH3 ; ;7 .9@ >J8.57J�2 \.D.29H.Y81BE13 27=B7;E:E ;7
Rn �=B./YM;/8;7;JB;+ G:2=>J3 /1<12315E E./I.221 E.227P3 ;7 S9@ 3;<=EE 81BE13E.B.E+ �9@ ; �=B./YM;/8;7=35;3 . 81BE13 27.BJ5EJ E./I.221 E1E./. ;7 nY>J8.57J�2 \.D.29H.Y81BM.EN M;/8;7=3 M;/8;7;412 ; E./I.221 E.EE 81BE134 ;7 nY>J8.57J�2 \.D.29H.Y81BE13+

����� � ��$��������"%�	 "�����"�%�����	 	���%	�
��� ��

18/13.77P53 ;7 ./.8J ;5;/S7J2DN/4 M=9@ .9@ (X, τ )
E=<=/�9J3H2 E1B.5 1BE./8.7.EE 6;/�2 1BE13AOP99615@E ��6�'�� # 2�*5 #  �0" / �/�! 5.6.7EP534 M; 8J5>.5 α ∈ R

8.//.EE ;7
{x ∈ X : f (x) > α}

M;/8;7 5@S/E4 12 M;2=5/�;5 # $�7�'%� # 2�*5 #  �0" / �/�!4 M; ;7
{x ∈ X : f (x) < α}

M;/8;7 5@S/E+ X /.9.9@27.BADD <1/>; ;+O+O+ OP99615@B. .9@ 5@S/E M;/8;7 3;B;3E.BJ27EJ3H2 OP99615@.4O+O+O+ OP99615@B. <.>J9 .9@ 7:BE M;/8;7 3;B;3E.BJ27EJ3H2 OP99615@.+ 19@ ;+O+O+ OP99615@ −1 27.B.2.<.B27. O+O+O+ X7 J2 3055@A4 M=9@ ;+O+O+ OP99615@.3 2H<B.8H8; J2 ;+O+O+4 6;/;8J5E O+O+O+ OP99615@.3J5�8H8; J2 O+O+O+
������ :11*;<=� .�,;A1,��A5A;�'@G@536B$50$/ f ∈ L1 (Rn,Λ, λ) ,

2� ε > 0. =!! ' �2"$�*! u �9# 9# 9 2� v # 9# 9# 98 & 50

v ≤ f ≤ u �����*/" ∫
Rn

(u− v) dλ < ε.

�����. &'()*+,-� .'5�=') AJ=?@1�; /@13;@)@==<26
��" � />�6!8 & 50 λ .BN2.5 ;D27=/:E O=/@E=5=2 81BE13 � µ�'$ /2��$8 &�

µ (En) → 0 ⇒ λ (En) → 0.

�����4 :11*;<=�
B$50$/$! λ 2� µ �2'"2!$!

M σ ���5$9'�/9 F� λ (X) �25$�8 �!! ' λ $'%�$/ �9�� ��" #  �0" / ���5�$!�*���$/� λ� µ��$�
�����< :11*;<=� .�'�;@)��',J),;?�;0;'16

�$507! # $�8 & 50 f >*�$'$/�*��&�"� �*/>$/ x ∈ [a, b] 3 /"9�/8 2� � >$'*���" #755�2/0'$ f ′ ∈
L1 ([a, b] ,Λ, λ)

9 =!! ' �*/>$/ x ∈ [a, b]
$�$"2/

f (x) = f (a) +

∫ x

a

f ′ dλ.



���� ��
Lp

����	���������� ��
����� �


Lp
��$������%�"�	

������ :11*;<=� .�')=')�'23')1�;1')=026B$50$/ (Ω,
∑

, µ)
$50 ������7/C�25* �2'"2!"2'8 ���� µ (Ω) = 1.

F� f ∈ L1 (Ω,
∑

, µ) ,
2� φ : R → R,! /�$) #755�2/08 �!! '

φ

(∫

Ω

f dµ

)

s ≤
∫

Ω

φ ◦ f dµ.
K,?@)3*;<=��28.BE4 M=9@ ; φ 3=56.
JE:2; 27.BJ5E E.E27N/.9.2 <=5EM=7 E;BE=7� 3P/05D219J M:5@;>=2 OP99615@8=5=E=5 5N+ 1DDN/ 306.E3.7J34 M=9@ 8J5>.5 B097SE.EE t ∈ RYB. ; β .

= inf
{

φ(s)−φ(t)
s−t

: t < s ∈ R

}

I./0/12 8.//.EE
φ (s) ≥ φ (t) + β (s− t)O.55:// 8J5>.5 s ∈ R

.2.E15+ X/3;/8;76; .7E s = f (x) 12 t =
∫

Ω
f dµ 8.//.EE4 ;7E 3;<IH34 M=9@

φ (f (x)) ≥ φ (t) + β (f (x) − t) ;8./@5.3 J5E.9B:/:2:6;/+
∫

Ω

φ ◦ f dµ ≥ φ (t) + β (t− t) .

17E 3.//.EE D./:E5J+ ❏

�����. :11*;<=� .��1G'5�'23')1�;1')=026B$50$/ 1 < p, q < +∞, �$�0'$ 1
p
+ 1

q
= 1, �����*/" f, g : X → R+

/$� /$5�"7� �2'&$"% #755�2/0$!9
=!! '

∫

X

fg dµ ≤
(∫

X

fp dµ

)
1
p
(∫

X

gq dµ

)
1
q

.

�����4 :11*;<=� .�,)>@�=>,�'23')1�;1')=026B$50$/ 1 ≤ p �����*/" f, g : X → R+
/$� /$5�"7� �2'&$"% #755�2/0$!9 =!! '

∫

X

(f + g)p dµ ≤
(∫

X

fp dµ

)
1
p

+

(∫

X

gq dµ

)
1
q

.

K,?@)3*;<=�X
p = 1 .2.ED.5 ;7 ://SE:2 5@J/6:56;/�4 .9@1D315E /.9@.5 q > 1, ;8./@B. 1

p
+ 1

q
= 1.

�.3J5E2P3
;7 (f + g)p = f (f + g)p−1 + g (f + g)p−1 O./SB:2E+ X/3;/8;76; f (f + g)p−1 27=B7;EB; ; _0/>.BY.9@.5/NE/.5219.E ;7E 3;<IH34 M=9@

∫

X

f (f + g)
p−1

dµ ≤
(∫

X

fp dµ

)
1
p

+

(∫

X

(f + g)
q(p−1)

dµ

)
1
q

=

(∫

X

fp dµ

)
1
p

+

(∫

X

(f + g)
p
dµ

)
1
q

.

_;2=5/�;5 ;7 f M./@.EE gYE 12 g M./@.EE f Y.E 9=5>=/6; ;7E 3;<IH34 M=9@+
∫

X

g (g + f)p−1 dµ ≤
(∫

X

gp dµ

)
1
p

+

(∫

X

(g + f)p dµ

)
1
q

.

�227.2191D.5 E.M:E
∫

X

(f + g)
p
dµ ≤

(∫

X

(f + g)
p
dµ

)
1
q

(

(∫

X

fp dµ

)
1
p

+

(∫

X

gp dµ

)
1
p

)

.



�� ������������� 	
����
X8.55@JD.5 0 <

∫

X
(f + g)p dµ < +∞,

:9@ (∫
X

(f + g)p dµ
)

1
q 27:88;/ =27E6; 3127.5 J2 6;Y9@H53+ X8.55@JD.5 ∫

X
(f + g)

p
dµ = 0, ;33=B f = g = 0 µY8+84 E.M:E 5J5T2 8JE DJ7=5@SE;5H53+X8.55@JD.5 <.>J9 ∫

X
(f + g)

p
dµ = +∞ /.55.4 :9@ ;7 x 7→ xp OP99615@ 3=56.
JE:2; 27.BJ5E

(

f+g
2

)p

≤ fp+gp

2 ,
E.M:E (f + g)p ≤ 2p−1 (fp + gp) .

17 27.BJ5E ∫
X
fp dµ 12 ∫ gp dµ 307P/ /.9;/:DD;7 .9@J3 +∞ 1BE13A+ 17E 3.//.EE D./:E5J+ ❏

�����< &'()*+,-� .Lp

6
B$50$/ p > 1 ';5�7"$"" ����� ����8 2� (X,M, µ) �2'"2!"2'9 �$!*/"�7! � !;�$"!$�% �$!" '"$'$"

Lp (X,M, µ)
.
=

{

f : X → R : f �2'&$"%8 ∫
X

|f |p dµ < +∞
}

�*��5 �8 & 50 ∫
X
|f |p dµ = 0 3 /" ��/ �!! '8 &� f (x) = 0 µ

9�9�9 x ∈ X
$�$"2/9 F�

L0 � $�;�*�� / �2'&$"% #755�2/0$!$" ��$�0$! � ! /�"�/� 0
#755�2/0"%� ���! $50 � µ�'$ /2��$ /6���2'"2!C&�����9�/ !7� /9 �/$!8 �!! ' �*��5 �8 & 50

L0 � # $/"*
Lp "2'/$! ��"$'$9 �$�;�� $ Lp

��
Lp

"2'/$!$�$/
L0 ��"$'$ ��$'*/"* # �!" '"$'2"8 ����

Lp (X,M, µ)
.
= Lp (X,M, µ) /L0 (X,M, µ) .

=� ��" � $�$/"*8 & 50 Lp
$�$�$*  �0�/ $!�*���$/�*�  ��"��0 !8 & 50 �� $50$� $!�*���$/�*�  ��"��0 !

 �0�/ �2'&$"% #755�2/0$!9%� ���/�!8 �$�0$! $50���"�� ���! /6���2'"2!C &�����9�/ !7�;/9;�/$!9
� ��99'� *� f �$� � $�;��$ ��" �� $!�*���$/�*�  ��"��0"8 ��$�0 �� f #755�2/0" "�'"�������

‖f‖Lp

.
=

(
∫

X

|f |p dµ
)

1
p

.

�����? &'()*+,-� .L∞
6

�$�;�� $
L∞ (X,M, µ) �� / f �2'&$"% #755�2/0$! &������"8 �$�0$!&$� �2"$�*! A �2'&$"%8 /6���2'�"2!C &�����8 & 50 supXrA |f | < +∞ 9 �*��5 �8 & 50

L∞ (X,M, µ) *� �$!" '"2'8 �$�0/$!
L0 ��"$'$9

��
L∞ (X,M, µ)�/$! ��

L0 ��$'*/"* # �!" '"$'2" /$�$��7! L∞ (X,M, µ)
"2'/$!9 �$�/*���6! f ∈ L∞$!�*���$/�*�  ��"��0 $�$"2/

‖f‖L∞

.
= inf

µ(A)=0
sup
XrA

|f | .

�����A :11*;<=�
B$50$/ f ∈ L∞ (X,M, µ) . =!! '

‖f‖L∞

= min {K > 0 : µ ({x ∈ X : |f (x)| > K}) = 0} .

������ :11*;<=�B$50$/ "$"��%�$5$� 1 ≤ p ≤ +∞ �$��$""8
f, g ∈ Lp (X,M, µ) . =!! ' fg ∈ L1

8 �$'"

‖fg‖L1
≤ ‖f‖Lp

· ‖g‖Lq
.

� ��99�
‖f + g‖Lp

≤ ‖f‖Lp
+ ‖g‖Lp

�����
 ���';>'?�0)3�
�� (Lp (X,M, µ) , ‖·‖Lp

) / '���" "2'8 "$"��%�$5$� 1 ≤ p ≤ +∞ �$��$""9

������ :11*;<=� .�,'=?��,=+�'56�� (Lp (X,M, µ) , ‖·‖Lp

) / '���" "2'8 "$"��%�$5$� 1 ≤ p ≤ +∞ �$��$"" "$�� $�8 ���� ��/��&�"2'9
�J7=5@SE:2 9@;5:5E ./N270B ;7 :9@5.6.7.EE �*$����$���+



���� ��
Lp

����	���������� ��
������� �'��A� .�,'=?6

�� Lp
"2' (1 ≤ p)

"$"��%�$5$� ��6�&0�� ' ��"�/�! �2"$�*! ���>/$� �*/>$/7"" 3 /" /!2/" ! /�$'�
5$/� '2��� ' ��"�9
K,?@)3*;<=�X7 ;>=EE (fn)n∈N Lp

YD./J 2=B=7;E5;3 /.9@.5 (fnk
)k∈N

=/@;5 B1272=B=7;E;4 ;8./@B.
∥

∥fnk+1
− fnk

∥

∥

Lp
<

1

2k
.

-./0/I.
gK

.
=

K
∑

k=1

∣

∣fnk+1
− fnk

∣

∣

6;/;8J5E g
.
=

∞
∑

k=1

∣

∣fnk+1
− fnk

∣

∣ .

,J/:9=24 M=9@ ‖gK‖Lp
< 1,

E=6:DD: gp
K → gp <=5E=5315E �K → ∞�4 .71BE ; ?;E=HY/.88; 8J;EE

∫

X

gp dµ =

∫

X

lim
K→∞

gp
K dµ ≤ lim inf

K→∞

∫

X

gp
K dµ ≤ lim inf

K→∞
‖gK‖p

Lp
< 1.

X7E 3;<EH3 E.M:E4 M=9@ ; gp ∈ L1,
.71BE . OP99615@ µY8+8+ 619.24 ;8JE :9@ J2 O=9;/8;7M;EH534M=9@

∞
∑

k=1

(

fnk+1
− fnk

)

OP99615@2=B µY8+8+ ;D27=/:E 3=56.B9.52+ X7 ;D27=/:E 3=56.B9.5TJ; 6J27=5E 8;9; HE:5 6=5I; ; 3=5Y6.B9.5TJ:E4 .71BE M; sK
.
=
∑K

k=1

(

fnk+1
− fnk

) I./0/J ;KY;>J3 B127/.E0227.9.3.E4 ;33=B ;7 (sK)
∞
K=1OP99615@2=B µY8+8+ <=5E=5315E 3=56.B9.524 S9@ ;7

fn1 + sK = fn1 + (fn2 − fn1) + (fn3 − fn2) + . . .+
(

fnK+1 − fnK

)

= fnK+1OP99615@2=B J24 .B9= 8;9; ;7 (fnK
)∞K=1

OP99615@2=B J2 µY8+8+ <=5E=5315E 3=56.B9.52+ ❏G=2E 5177P3 ; ^J.27Y?J2TM.BYE1E./ J9;7=/:2:E+K,?@)3*;<=�\.9@.5 fn ∈ Lp
[;HTM@Y2=B=7;E4 12 6:/;227H3 3J ; ^J.27Y/.88; 27.BJ5E /1E.7N B1272=B=7;E:E4 ;8./@8;I>5.8 8J5>.5PEE <=5E=5315E 3=56.B9:/ .9@ f : X → R+

OP99615@M.7+ G.98HE;EIH34 M=9@ .7; 3=56.B9.5TJ; Lp
YD.5 J2 O.55://+ ,J/:9=24 M=9@ =/@;5 x ∈ X .2.E154 ;8./@B. fnk

(x) → f (x)

|f (x) − fnk
(x)|p = lim

l→∞
|fnl

(x) − fnk
(x)|p

O.55://4 8J5>.5 B097SE.EE nk ∈ N
.2.E154 .71BE ; ?;E=HY/.88; 8J;EE

∫

|f − fnk
| dµ ≤ lim inf

l

∫

|fnl
− fnk

|p dµ
]JM;275:/6;4 M=9@ ;7 .B.>.EJ fn

[;HTM@Y2=B=7;E Lp
YD.54 ; O.5EJDN/ 3055@.5 306.E3.7J3 M=9@ fnk

→
f ;7 Lp

E1B 8.EBJ3:I:D�/ J2+,J27=5E4 M; .9@ 8.EBJ3H2 E1B .9@ [;HTM@Y2=B=7;E:E5;3 6;5 3=56.B9.52B1272=B=7;E; ;33=B ;7 .B.>.EJ 2=B=7;E J2 3=56.B9:/ ; B1272=B=7;E M;E:B1BE131M.7+ ❏

������� &'()*+,-�
�$"��%�$5$� 1 ≤ p < +∞ �$��$"" � $�;�� $

lp
.
=
(

Lp (X,M, µ) , ‖·‖Lp

)

.

�*��5 �8 & 50 lp $�$�$* �� / (an)n∈N
� ' ��" !8 �$�0$!'$ ∑∞

n=1 |an|p < ∞,
2� $50 *�0$/ a =

(an)n∈N
� ' ��" / '�����

‖a‖lp

.
=

( ∞
∑

n=1

|an|p
)

1
p

.



�� ������������� 	
����
�
p = +∞ $�$"9$/ l∞

$�$�$* �� / (an)n∈N
� ' ��" !8 �$�0$!'$ supn∈N |an| < ∞. =50 *�0$/

a = (an)n∈N
� ' ��" / '�����

‖a‖l∞

.
= sup

n∈N

|an| .

�=5>=/IH3 8.94 M=9@ ; O.I.7.E ./.I15 3=56.
 OP99615@.3B. DJ7=5@SE=EE -.52.5Y.9@.5/NE/.521946;/�D;5 ;7 ./.8J ;5;/S7J2DN/ I�/J28.BE >J273B1E -.52.5Y.9@.5/NE/.5219 :/E;/:5=2SE:2;-

����� ��� ���	������ �����
�� � ��������	�� � %�%����


X O.I.7.ED.5 T2;3
R
O./.EEJ 6.3E=B.B.3.E 6J729:/H534 >. 3055@A HE:5; 9=5>=/5J4

C
O./.EEJ 6.3EB=BYE.B.3B. 6;/;8.55@J ://SE:2 J9;7 8;B;>+ 1BB. ;33=B /.55. 27P32194 M; X → C

OP99615@.3 J5E.9B:Y/./81/.E16./ J2 O=9/;/3=75:53+
���.�� &'()*+,-� .�,1J'5;�;056=50 (X, 〈·, ·〉) �!���'*��� '��" � "$'$" _J/D.BEYE1B5.3 /$�$�7/!8 &� � ‖x‖ .

=
√

〈x, x〉 / '����� ��
(X, ‖·‖) / '���" "2' "$�� $�9

���.�. ,J/:9=24 M=9@ X7 (L2 (X,M, µ) , ‖·‖L2

) ; ^J.27Y?J2TM.BYE1E./ 8J;EE _J/D.BEYE1B4 MJ27.5 ;7

〈f, g〉 .=
∫

X

f · g dλ

=/@;5 23;/:BJ227=B7;E4 M=9@ ;7 :/E;/; J5>H3:/E 5=B8;4 8.9.9@.7J3 ‖·‖L2

5=B8:6;/+
���.�4 :11*;<=�

B$50$/ (X, 〈·, ·〉) F*�9$'" "2'8 2� K ⊆ X
$50 /$� 7'$� ! /�$) ��'" &�����9 =!! ' �2"$�*! $50$"�$/

v ∈ K 3 /"8 ��$�0'$ �*/>$/ u ∈ K �$��$"" ‖v‖ ≤ ‖u‖ .
K,?@)3*;<=�\.9@.5 α ∈ R+,

;8./@B. α .
= inf {‖u‖ : u ∈ K} . ,J/:9=24 M=9@ /1E.7J3 un ∈ K 2=B=7;E4 ;8./@B.

‖un‖ → α.
�*+*�

G.98HE;EIH34 M=9@ un
[;HTM@Y2=B=7;E+

‖ui − uj‖2
+ ‖ui + uj‖2

= 2 ‖ui‖2
+ 2 ‖uj‖2

; <;B;/./=9B;88; 27;D:/@ 27.BJ5E4 S9@ .7E 1
2ui

12 1
2uj

YB. O./SB6;
1

4
‖ui − uj‖2

=
1

2

(

‖ui‖2
+ ‖uj‖2

)

−
∥

∥

∥

∥

ui + uj

2

∥

∥

∥

∥

2

,

;8J K 3=56.
JE:2; 8J;EE ;7E I./.5EJ4 M=9@
1

4
‖ui − uj‖2 ≤ 1

2

(

‖ui‖2
+ ‖uj‖2

)

− α2,
�*+F�

;8JDN/ �*+*� 8J;EE 6;/�D;5 306.E3.7J34 M=9@ un
[;HTM@ 2=B=7;E+ X _J/D.BE E1B E./I.2219. 8J;EE6J27=5E /1E.7J3 v ∈ X 4 ;8./@B.

un → v,

>. K 7:BE2:9; 27.BJ5E v ∈ K
J2 E./I.2P/+ X 5=B8; /.31<.712 O=/@E=5=22:9; 8J;EE

‖un‖ → ‖v‖ ,



���� ��	 ������
�
� �������	 � ���
�����
��� ��������� ��

E.M:E
‖v‖ = α

;8J ;7E I./.5EJ4 M=9@ v 6;/�D;5 8J5J8:/J2 M=227:2:9: <=5EI;KY5;3+X7 .9@1BE./8A219 J5>=3/:2:M=7/.9@.5.3 v1, v2 ∈ K =/@;5 <=5E=3 ;8./@B.
‖v1‖ = α = ‖v2‖

X7 �*+F�Y=E :IE; 27:8=/6; ;7E 3;<IH34 M=9@
1

4
‖v1 − v2‖2 ≤ 1

2

(

‖v1‖2
+ ‖v2‖2

)

− α2 = 0

E.M:E v1 = v2
;7;7 ; /.93J2.DD <=5E .9@1BE./8A J2+ ❏

���.�< \:EM;E�4 M=9@ ;8.55@JD.5 M .9@ 7:BE ;/E1B ; _J/D.BEYE1BD.54 ;33=B E.E27N/.9.2 x ∈ X 8.//.EE ;7
x +M M;/8;75;3 ; 0YE�/ 6;/� E:6=/2:9; ;7=5=2 ;7 x <=5E5;3 ;7 M M;/8;7E�/ 6.EE E:6=/2:9:6;/+�9@;5J2 u ∈ x+M 8.//.EE+

‖u‖ = inf {‖v‖ : v ∈ x+M} = inf {‖x+m‖ : m ∈M} = inf {‖x−m‖ : m ∈M} = d (x,M)

���.�? :11*;<=�
B$50$/ (X, 〈·, ·〉) $50 F*�9$'"�"2'8M ⊆ X 3$>*5 $50 ��'" ��"2'8 x ∈ X

$50 "$"��%�$5$� 3 /"9 �� $�%�%
���7"�� �*�"" �2"$�*! $50$"�$/ 3 /"�� �� M &�����/�!8 ��$�0 x�&$� �$5!;�$�$99 ��/9 =�" � 3 /" "
/$�$��7! �� xY5.3 ;7 M YB. 6=5;E3=7� 8.BN/.9.2 6.EP/.E15.3 2� pM (x)�$� � $�;��7!9 8�50�'6��

pM (x) ∈M, ��$�0'$ ‖x− pM (x)‖ = inf {‖x− v‖ : v ∈M} .
8*/>$/ x ∈ X �$��$"" �� x− pM (x) �$!" ' �$'%�$5$� M ��"2' �*/>$/ $�$�2'$9
K,?@)3*;<=�\.9@.5 z .

= x − pM (x) 12 y ∈ M =/@;5 6.3E=B4 ;8./@B. ‖y‖ = 1.
133=B E.E27N/.9.2 α ∈ R

6;/�227:8 .2.E15
‖z‖2 = ‖x− pM (x)‖2 ≤ ‖x− pM (x) − αy‖2 = ‖z − αy‖2 = ‖z‖2 − 2α 〈z, y〉+ α2.

,:/;227H3 8.9 8=2E ;7 α 27:8=E α .
= 〈z, y〉 8�>=5+ �9@ ; O.5EJ.3 27.BJ5E
0 ≤ −2α2 + α2 = −α2

X7E 3;<EH3 E.M:E4 M=9@ 8J5>.5 y ∈ X ‖y‖ = 1 .2.E15 〈z, y〉 = 0.
17E 3.//.EE D./:E5J+ ❏

���.�A �0;'1� .�,1J'5;�;05 /'1J@);<=, ;0;'1' .�,'=?66B$50$/ (X, 〈·, ·〉) $50 F*�9$'"�"2'8M ⊆ X 3$>*5 $50 ��'" ��"2'9 =!! '

M ⊕M⊥ = X.

K,?@)3*;<=�,J/:9=24 M=9@M⊥ J2 �7:BE� ;/E1B4 ;8./@ >J27IH53EM YEN/+ X8.55@JD.5 x ∈ X .9@ B097SE.EE 6.3E=B4;33=B
x = pM (x) + (x− pM (x)) .R=>. pM (x) ∈ M ; <B=I.3TJ� =<.B:E=B >.�5STJ�I; 8J;EE 12 x − pM (x) ∈ M⊥ J2 E./I.2P/ ;7 ./N7N://SE:2 27.BJ5E+ ❏18/13.77P53 ;BB;4 M=9@ .9@ 5=B8:/E E1B.3 3070EE 1BE./8.7.EE /J5.:BJ2 =<.B:E=B O=/@E=5=22:9;.36J6;/.52 ; 0 <=5ED./J O=/@E=5=22:9:6;/4 12 ;66;/4 M=9@ /1E.7713 =/@;5 K 27:84 8./@B. ‖Ax‖ ≤



�� ������������� 	
����

K ‖x‖ ;7 1BE./8.712J E;BE=8:5@ 8J5>.5 x ./.81B.+ 1DD.5 ;7 .2.ED.5 .9@ A /J5.:BJ2 =<.B:E=B5;3;7  3$'�" ' / '����" ;7 ;/:DDJ .36J6;/.52 8�>=5 >.�5J:/EH3
‖A‖ .

= sup {‖Ax‖ : x ∈ X, ‖x‖ ≤ 1}
= min {K ∈ R+ : ‖Ax‖ ≤ K ‖x‖} .

\:EEH3 ;7E J24 M=9@ .66./ 6;/�D;5 5=B8; OP99615@E >.�5J:/EH534 ; 31E 5=B8:/E E1B 3070EE >.�5J:/E/J5.:BJ2 =<.B:E=B=3 6.3E=BE.B154 ;8./@ ;7 JEE D.6.7.E.EE 5=B8:6;/ E./I.2 J24 O./E16.4 M=9@ ; 31<E1BP/27=/9:/� 5=B8:/E E1B E./I.2+
���.�� :11*;<=� .

�

�01GA
�

�,1J'5;�;05') 05;'1�'?';; /@13;@)@= 1,)'<5,= /I)>+,@)<15A6B$50$/ (X, 〈·, ·〉) �!���'*��� '��" � "2'8 �����*/" y ∈ X
$50 "$"��%�$5$� $�$�9 =!! ' �Φy (x)

.
= 〈x, y〉�*/$�'*� #6/!�* /�� #  �0" / �8 2� ��  3$'�" '/ '����'�

‖Φy‖ = ‖y‖ .
K,?@)3*;<=�
|Φy (x)| ≤ ‖y‖ 8J5>.5 x ∈ X 8.//.EE O.55://4 E.M:E ‖Φy‖ ≤ ‖y‖ , 12 Φy

(

y
‖y‖

)

= ‖y‖ , .71BE
‖Φy‖ = ‖y‖ 6;/�D;5 E./I.2P/+ ❏G=2E 8.98HE;EIH34 M=9@ ; O.5EJ ;/;3:5 3S6P/ 5J5T2 J2 8:2 O=/@E=5=2 /J5:BJ2 OH53TJ=5:/ .9@_J/D.BEYE1B.5

���.�
 �0;'1� .�,1J'5;�;05') 05;'1�'?';; /@13;@)@= 1,)'<5,= /I)>+,@)<1@> 5'�5'?');<+,-HA .�,'=?66B$50$/ (X, ‖·‖) $50 F*�9$'"�"2'8 �����*/" Φ
$50 # �0" / � �*/$�'*� #6/!�* /�� X �$/9 =!! ' �2"$�*!$50$"�$/  �0�/ y ∈ X �$!" '8 ��$�0'$

Φ (x) = 〈x, y〉
�*/>$/ x ∈ X

$�$"2/9
K,?@)3*;<=�,:/;227H53 .9@ z ∈ (kerΦ)⊥ YD./J <=5E=E4 ;8./@ 3P/05D07J3 ; 0 6.3E=BE�/+ GJ6./ kerΦ 7:BE ;/E1B
.71BE (kerΦ)

⊥
= {0} T2;3 :9@ /.M.E5.4 M; Φ = 0.

�.3J5E2P3 E.E27N/.9.2 x ∈ X 8.//.EE ;
Φ (x) z − Φ (z)x ∈ kerΦ

6.3E=BE+ ,J/:9=24 M=9@ 〈Φ (x) z − Φ (z)x, z〉 = 0, .71BE Φ (x) =
〈

x, Φ(z)

‖z‖2 x
〉

.X7 .9@1BE./8A219M.74 M; y1 12 y2 J/@.5 6.3E=B=34 ;33=B E.E27N/.9.2x ∈ X 8.//.EE 〈x, y1 − y2〉 = 0,.71BE 2<.TJ:/J2;5 x = y1 − y2
8.//.EE J2 ‖y1 − y2‖2

= 0. ❏

����� ��$����� ���$��%��� %�%��� �� � ��������	�� ��%�%��

X 306.E3.7N ://SE:2=3D;5 O=5E=24 M=9@ ; 27.B.</N 81BE13.3 5.9;ES6 M;/8;7E J2 O./6.M.E5.3+
���4�� &'()*+,-� .�A1�A?5A >@)+');5<1; �05;0>6B$50$/ λ $50 $�%� $�$� �2'"2! �� (X,M) �2'&$"% "2'$/ 2� A ∈ M

�2'&$"% &�����9 ��" � />�6!8& 50 λ �� A�'� ! /�$/"'��" �2'"2!8 &�
λ (E) = λ (E ∩A)

�*/>$/ E ∈ M
�$��$""9

���4�. X8.55@JD.5 ; λ ./NI./.2 81BE13 B1
YB. 12 B2

YB. J2 3=5T.5EB:/E ;33=B B1 ∩B2
YB. J24 MJ27.5 λ (E) =

λ (E ∩B1) = λ (E ∩B1 ∩B2) .
�=6:DD: M; λ ;B M;/8;7B; 3=5T.5EB:/E 12B ⊆ D 81BM.EN M;/8;74;33=B λ ./NI./.2 81BE13 ; DYB. J2 3=5T.5EB:/E4 MJ27.5 λ (E ∩D) = λ (E ∩D ∩B) = λ (E ∩B) =

λ (E) .



���� ����	��� ����
��
	� ������ �	 � ���
�����
���������� ��

���4�4 &'()*+,-� .=?,)2I1<5,= �05;0>6B$50$/ λ1
2� λ2

$�%� $�$� �2'"2!$! �� (X,M) �2'&$"% "2'$/9 ��" � />�6!8 & 50 λ1
2� λ2

$50���'�
/2��$ ��*/56��'*��!8 &� �2"$�*! B1

2� B2
>*���6/!" �2'&$"% &����� ! �508 & 50 λ1

� B1
�'$ 2� λ2

�
B2

�'$ ! /�$/"'��"9 =�" λ1⊥λ2
��> / � $�;��7!9

���4�< :11*;<=�B$50$/$! λ1, λ2
2� µ $�%� $�$� �2'"2!$!9 =!! ' # $//���/�! �� ���99* *�3�*!��*�!9

· λ1 � µ
2� λ2 � µ⇒ (λ1 + λ2) � µ;

· λ1⊥µ
2� λ2⊥µ⇒ (λ1 + λ2)⊥µ;

· λ1⊥µ
2� λ2 � µ⇒ λ1⊥λ2;

· λ⊥µ 2� λ� µ⇒ λ = 0.

K,?@)3*;<=�X7 ./2N ://SE:2 5@J/6:56;/�+ X 8:2=>J3M=7 /.9@.5 λ1
; B1

YB.4µ ; C1
YB. 3=5T.5EB:/6; ;M=/ B1∩C1 =

∅;
E=6:DD: λ2

; B2
YB.4 µ ; C2

YB. 3=5T.5EB:/6; 6;/;8J5E B2 ∩ C2 = ∅.
\.9@.5 B .

= B1 ∪ B2
12

C
.
= C1 ∩ C2.

,J/:9=24 M=9@ λ1, λ2
; BYB. S9@ λ1 + λ2

J2 BYB. 3=5T.5EB:/E4 E=6:DD: µ ; CYB.3=5T.5EB:/E+ R= >. B ∩ C = (B1 ∩ C) ∪ (B2 ∩ C) = ∅.X M;B8;>J3 ://SE:2 J5>=3/:2:M=7 J2 /.9@.5 λ1
; BYB. 12 µ ; CYB. 3=5T.5EB:/6;4 ;M=/ B ∩ C = ∅.127.BJ5E µ (E ∩B) = µ (E ∩B ∩ C) = µ (∅) = 0,
S9@ ;7 ;D27=/:E O=/@E=5=22:9 8J;EE λ2 (E ∩B) =

0.
17 6J27=5E ;7E I./.5EJ4 M=9@ 8J5>.5 E ∈ M

81BM.EN M;/8;7B; λ2 (E) = λ2 (E ∩Bc) ,
E.M:E λ2; Bc M;/8;7B; 6;5 3=5T.5EB:/6;+X7 HE=/2� ://SE:2 ;7 ./N7N 306.E3.7815@.4 8J6./ .33=B λ⊥λ, ;8J T2;3 :9@ /.M.E4 M=9@ λ ;7 ∅YB;6;5 3=5T.5EB:/6;4 E.M:E ;7 ;7=5=2 71B� 81BE13+ ❏

���4�? :11*;<=�
B$50$/ �� (X,M, µ) �25$� �2'"2!"2'$/ g ∈ L1 (X,M, µ) ��$�0'$

{

1

µ (E)

∫

E

g dµ : E ∈ M, µ (E) > 0

}

⊆ [a, b] .

=!! ' µ����>/$� �*/>$/ x ∈ X
$�$"2/ g (x) ∈ [a, b] , ���� µ ({x ∈ X : g (x) /∈ [a, b]}) = 0.

K,?@)3*;<=�,:/;227H3 ./N270B ;7 r ∈ R
12 ε > 0, 27:8=3;E :9@4 M=9@ B◦ (r, 2ε) ∩ [a, b] = ∅.

\.9@.5 Er,ε
.
=

h−1 (B◦ (r, ε)) . _; µ (Er,ε) 6= 0, ;33=B ∣∣∣ 1
µ(Er,ε)

∫

Er,ε
g dµ− r

∣

∣

∣ ≤ 1
µ(Er,ε)

∫

Er,ε
|g − r| dµ ≤ ε ;7;7

1
µ(Er,ε)

∫

Er,ε
g dµ ∈ B (r, ε) , ;8J .//.5E8=5> r 12 ε 6:/;27E:2:5;34 MJ27.5 1

µ(Er,ε)

∫

Er,ε
g dµ ∈ [a, b] .X7E 3;<EH3 E.M:E4 M=9@ µ (Er,ε) = 0.

R= >. ;7 {x ∈ X : h (x) /∈ [a, b]} M;/8;7 /.O.>M.EN 8.927:8Y/:/M;E�;5 2=3 Er,ε
;/;3: M;/8;7 2.9SE21916./+ ❏

���4�A �0;'1� .�'J'=2I' /01' /'1J@);<=, ;0;'1D �AG@)��,>@G3��;0;'1D �'I�A)) �<)@= J,?@)3*;<=<�A16B$50$/ λ 2� µ �25$�8 /$� /$5�"7� �2'"2!$! �� (X,M) �2'&$"% "2'$/9 =!! '
· B2"$�*! $50$"�$/ λa

2� λs
/$� /$5�"7� �2'"2!8 ��$�0'$

λa � µ, λs⊥µ
" ��99� λa + λs = λ;

· B2"$�*! $50$"�$/ h ∈ L1 (X,M, µ)
#755�2/08 & 50 �*/>$/ E ∈ M

�2'&$"% &����� $�$"2/

λa (E) =

∫

E

h dµ.

K,?@)3*;<=�\.9@.5 ϕ (E)
.
= λ (E) + µ (E) 8J5>.5 E ∈ M

.2.E15+ X 8=5=E=5 3=56.B9.5TJ; E1E./E M:B=8Y27=B ;/3;/8;76;4 3;<IH34 M=9@ 8J5>.5 5.8 5.9;ES6 81BM.EN f OP99615@B. 12 8J5>.5 E 81BM.ENM;/8;7B; ∫
E
f dϕ =

∫

E
f dλ+

∫

E
f dµ.
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X7 (X,M, ϕ) .9@ 619.2 81BE13E1B+ �.�5J:/IH3 E.E27N/.9.2 f ∈ L2 (X,M, ϕ) .2.E15 ;7 ;/:DDJ

Φ : L2 (X,M, ϕ) → R
OP99615@E+

Φ (f)
.
=

∫

X

f dλ.

X _0/>.BY.9@.5/NE/.5219 27.BJ5E

|Φ (f)| =

∣

∣

∣

∣

∫

X

f · 1 dλ
∣

∣

∣

∣

≤
∫

X

|f | · 1 dλ ≤
(∫

X

|f |2 dλ
)

1
2

·
√

λ (X)

≤
∫

X

|f |2 dϕ ·
√

λ (X) =
√

λ (X) · ‖f‖L2(φ) .

19@B127E ; λ 619.2219. 8J;EE 8J5>.5 f ∈ L2 (X,M, ϕ) .2.E15 Φ (f) 619.24 E.M:E 6;/�D;5 Φ :
L2 (X,M, ϕ) → R

/J5.:BJ2 OH53TJ=5:/4 8:2B127E ; O.5EJ .9@.5/NE/.5219 ;7E I./.5EJ4 M=9@ Φ .9@ O=/@YE=5=2 /J5:BJ2 OH53TJ=5:/ ;7 L2 (X,M, ϕ) _J/D.BEYE1B.5 �̂ J.27Y?J2TM.BYE1E./�+ �H>IH34 M=9@ _J/D.BEYE1B.5 1BE./8.7.EE O=/@E=5=2 /J5.:BJ2 OH53TJ=5:/=34 .9@ B097SE.EE ./.88./ 6;/� 23;/:BJ227=B7;E315E://5;3 ./N+ \1E.7J3 E.M:E .9@ g ∈ L2 (X,M, ϕ)
OP99615@4 8./@B. 8J5>.5 f ∈ L2 (X,M, ϕ) .2.E15

∫

X

f dλ =

∫

X

fg dϕ.
�†�

G=2E 8.98HE;EIH34 M=9@ =/@;5 g ∈ L2 (X,M, ϕ)
OP99615@ J2 6;54 8./@B. ; O.5EJ (†) J9;74 12

g (x) ∈ [0, 1] 8J5>.5 x ∈ X .2.E15+ _; H9@;5J2 (†)Y.E O./SBIH3 8J5>.5 f = χE
3;B;3E.BJ27EJ3H2OP99615@B.4 ;33=B ;7E 3;<IH34 M=9@

λ (E) =

∫

E

g dϕ,

.71BE 8J5>.5 E ∈ M
81BM.EN M;/8;7B;4 ;8./@B. φ (E) 6= 0

1 ≥ 1

φ (E)
λ (E) =

1

ϕ (E)

∫

E

g dϕ ≥ 0.

17.3 27.BJ5E ϕ ({x ∈ X : g (x) /∈ [0, 1]}) = 0,
E.M:E .9@ ϕY5H//81BE13A M;/8;7=5 8.96:/E=7E;EM;EYIH3 ; gYE :9@4 M=9@ g (x) ∈ [0, 1] 8:B 8J5>.5 <=5ED;5 E./I.2P/I05 12 (†) J2 J9;7 8;B;>I=5+\.9@.5.3 8=2E

A
.
= {x ∈ X : 0 ≤ g (x) < 1} 12 B .

= {x ∈ X : g (x) = 1} .
,J/:9=24 M=9@ A 12 B >J27IH53E 81BM.EN M;/8;7=34 8./@.35.3 .9@.2SE12. ;7 .9127 X. �.�5J:/IH3; 306.E3.7N λa

12 λs
81BE13.3.E+
λa (E)

.
= λ (E ∩A) 6;/;8J5E λs (E)

.
= λ (E ∩B) .

,J/:9=24 M=9@ λa
12 λs

5.8 5.9;ES6 81BE13.34 8./@.3B. ;7 A ∪B = X 8J;EE λ = λa + λs.G.98HE;EIH34 M=9@ λs⊥µ.
X
λs
81BE13 ; >.�5STJ�I; 27.BJ5E BYB. 3=5T.5EB:/E+ �.

λ (E ∩B) =

∫

E∩B

g dϕ = ϕ (E ∩B) = λ (E ∩B) + µ (E ∩B) ,

.71BE µ (E ∩B) = 0, 8J5>.5 E ∈ M
8.//.EE4 ;8J ;7E I./.5EJ4 M=9@ µ ; BYEN/ >J27IH53E Bc = AM;/8;7B; 6;5 3=5T.5EB:/6;+ �.M:E λs⊥µ 6;/�D;5 O.55://+G.98HE;EIH34 M=9@ λa � µ.

1MM.7 E;/:/H53 h ∈ L1 (X,M, µ)
OP99615@E4 8./@B. λa (E)

.
=

∫

E
h dµ, ;8J DJ7=5@SEI; J2 8J5>31E ://SE:2 .97J27E.5TJ:B; 6=5;E3=7� B1271E+ 1/N270B :ESBIH3 (†)Y.E+

∫

X
f dλ =

∫

X
fg dϕ =

∫

X
fg dλ +

∫

X
fg dµ, ;7;7

∫

X

f (1 − g) dλ =

∫

X

fg dµ.
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X/3;/8;77H3 .7E ;7 f .
= χE (1 + g + ...+ gn) 5.8 5.9;ES6 3=B/:E=2 OP99615@B.+ X7E 3;<IH3 S9@4M=9@ 8J5>.5 E ∈ M
81BM.EN M;/8;7 .2.E15 12 8J5>.5 n ∈ N

E.B8127.E.2 27:8B;
∫

E

1 − gn+1 dλ =

∫

E

g + g2 + ...+ gn+1 dµ.
�‡�

X D;/ =/>;/E 27:8=/6;+ ∫
E

1− gn+1 dλ =
∫

E∩A
1− gn+1 dλ, MJ27.5 B <=5EI;J5 g 1<<.5 1.

X7 x ∈ A.2.E15 6J27=5E g (x) < 1, .71BE ;7 1− gn+1 (x) 2=B=7;E 8=5=E=5 506.3.>N/.9 E;BE 1YM.74 ;8J ; 8=Y5=E=5 3=56.B9.5TJ; E1E./ 8J;EE ;7E I./.5EJ4 M=9@ (‡) D;/=/>;/; E;BE ; λ (E ∩A) = λa (A) 27:8M=7+X I=DD =/>;/E 27:8=/6;+ /.9@.5 hn
.
= g + g2 + ...+ gn+1 5.8 5.9;ES6 3=B/:E=2 OP99615@+ ,J/:9=24M=9@ ; (hn)n∈N

OP99615@2=B=7;E 8=5=E=5 506.3.>N/.9 E;BE 6;/;8./@ h 81BM.EN 5.8 5.9;ES6 OP99Y615@M.74 12 ; 8=5=E=5 3=56.B9.5TJ; E1E./E :IB; M;275:/6; ;7E 3;<IH34 M=9@ ∫
E
hn dµ →

∫

E
h dµ,;8J ;7E I./.5EJ4 M=9@ λa (E)

.
=
∫

E
h dµ 6;/�D;5 O.55://+ GJ6./ ∫

X
h dµ = λa (X) = λ (B) < ∞,.71BE h ∈ L1 (X,M, µ)

J2 E./I.2P/+[2;3 ;7 H5JTJE:2=3 J9;7=/:2; 6;5 M:EB;+ �.9@P3 O./4 M=9@ λ ./N:// λ = λ
′

a + λ
′

s
;/;3D;5 J2+ 133=B

:EB.5>.76. λ′

a − λa = λs − λ
′

s
;M=/ ; D;/ =/>;/=5 12 ; I=DD =/>;/=5 J2 .9@Y.9@ ./NI./.2 81BE1327.B.<./4 ;8./@ .9@B127E ;D27=/:E O=/@E=5=24 8:2B127E 27J59H/:BJ2 J2 µYB.4 E.M:E λ′

a = λa
12 λ′

s = λs.X8.55@JD.5 /1E.75. g ∈ L1 (X,M, µ) 5.8 5.9;ES6 OP99615@4 M=9@ λa (E) =
∫

E
g dµ, ;33=B 8J5>.5

E ∈ M
81BM.EN M;/8;7 .2.E15 ∫

E
h − g dµ = 0, ;8JDN/ 6;/�D;5 306.E3.7J34 M=9@ h (x) = g (x)

µY8;I>5.8 8J5>.5 x ∈ X .2E15+17 ;7E I./.5EJ4 M=9@ h 12 g ;7 L2 (X,M, µ)
E1B ;7=5=2 .36J6;/.5TJ;=27E:/@:E 31<6J2./J3+ ❏

���4�� X7 ./N7N E1E./ 3JE.BI.27EM.EN ;BB; ;7 .2.EB. ;8J3=B 8J5>31E 81BE13 σY619.24 12 ;BB; ;7 .2.EB. J28J3=B λ 3=8</.
 81BE134 6;9@ λ ./NI./.2 81BE13+ \:2> ; �*+*K+Z� <=5E HE:5J 8.9I.9@712E+

����� ��"��� �� ���� ���$��%��� %�%����

\.9@.5 λ 6;/;8./@ M σY;/9.DB:5 1BE./8.7.EE 3=8</.
 81BE134 ;7;7 λ : M → C, 8./@B.
λ (∪∞

n=En) =
∞
∑

n=1

λ (En)

8J5>.5 8.927:8/:/M;E� >J27IH53E (En)n∈N
M;/8;72=B=7;E .2.E15+ ,J/:9=24 M=9@ ; O.5EJ >.�5STJ�.9@B127E :/E;/:5=2;DD 8J5E ; 27=3:2=2 5.8 5.9;ES6 1BE13.E O./6.6N 81BE13 >.�5STJ�I;4 8:2B127E<.>J9 8.927=BSE:2; ;55;34 MJ27.5 ; λ (E) = +∞ .2.E.E .7 5.8 E;BE;/8;77;+ X7E J2 /:E5J 3.//4 M=9@; O.5EJ >.�5STJ� 27.BJ5E ; ∑∞

n=1 λ (En) 2=B 8J5>.5 :EB.5>.71215.3 J2 3=56.B9.525.3 3.// /.55J.4;8J 619.2 >J8.57J�D;5 1<< ;7 ;D27=/:E 3=56.B9.5TJ:6;/ .36J6;/.524 E.M:E 8J5>.5 En
>J27IH53EM;/8;72=B=7;EB;∑∞

n=1 |µ (En)| J2 3=56.B9.52+X7 ;/:DDJ;3D;5 ;7E ; E.TM5J3:E J28.BE.EIP34 M=9@ M=9@;5 /.M.E .9@ J/@.5 3=8</.
 C 2<.TJ:/J2.2.ED.5 6;/�24 >. 619.2 C 81BE13 27.BJ5EJ J5E.9B:/./81/.E.E 6J227;6.7.E5J 5.8 5.9;ES6 619.2 81BE1327.BJ5EJ J5E.9B:/./81/.EB.+ X7 6J/:9=24 M=9@ λ 3=8</.
 81BE13 ./N:// λ = λ1 + iλ2
;/;3D;54 ;M=/ λ112 λ2

6;/�2 81BE13.3+�.B8127.E.2 9=5>=/;E /.55.4 M=9@ ://SE2H3 ./N ; λ1
6;/�2 81BE13.E ; <=7JES6 125.9;ES6 B127. 3P/05D219.315E4 :9@;5:9@ ;M=9@;5 .7E OP99615@.3 .2.E15 J2 E.EEP3+ ]055@.5 /:EM;E�6J27=5E4 M=9@ .9@ 81BE13 <=7JES6 B127. 5.8 O./E1E/.5 σY;>>JES64 .71BE .7 ; 9=5>=/;E .9@.5/NB.72:3HET:5;3 DJ7=5@H/+ �.6.7.EP53 8;I> E.E27N/.9.2 6;/�2 81BE13M.7 31E 5.8 5.9;ES6 81BE13.E4;8./@.35.3 3P/05D219. ;7 ;>=EE ./NI./.2 81BE13+ 17 ; -=B>;5YO./D=5E:2J E1E./+

���<�� &'()*+,-� .�05;0> ;'1H'= �<1;@?<=A6
F� λ $50 ! �3�$) �2'"2!8 �!! ' ��

|λ| (E)
.
= sup

{ ∞
∑

n=1

|λ (En)| : E = ∪∞
n=1En, Ei ∩ Ej = ∅

}

&�����#755�2/0 � λ �2'"2! E./I.2 6:/E=7:2;9
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X O.5EJ >.�5STJ� ;7 ;/:DDJ O./;>;EE;/ 8=EJ6:/M;E�+ X>=EE λ 3=8</.
 81BE13M.7 3.B.22P3 8.9 ;7E; 8J5J8:/J2 µ 5.8 5.9;ES6 6;/�2 81BE13.E4 8./@.

|λ (E)| ≤ µ (E) .
�*+L�

X7E 8=5>IH34 M=9@ µ̂ 5.8 5.9;ES6 81BE13 8.9=/>:2; .55.3 ; O./;>;E5;34 M; |λ (E)| ≤ µ̂ (E)E./I.2P/ 8J5>.5 E ∈ M
8.//.EE 12 M; 6;/;8./@ µ 5.8 5.9;ES6 6;/�2 81BE13B. (

*+L
)
O.55://4 ;33=B

µ̂ ≤ µ.G.9 O=9IH3 8HE;E5J4 M=9@ ; |λ| E./I.2 6:/E=7:2 ; O.5EJ O./;>;E 8.9=/>:2;+
���<�. :11*;<=�

� �3�$) �2'"2! "$�� $� ���" ���� /$� /$5�"7� �2'"2!9
K,?@)3*;<=�
�BJ6J4 M=9@ |µ| (∅) = 0.

\.9@.5 E = ∪∞
i=1Ei,

>J27IH53E 81BM.EN M;/8;7=3 .9@.2SE12.+
|µ| (E) ≤∑i |µ| (Ei) .

�9@;5J24 M; E = ∪Aj
>J27IH53E .9@.2SE124 ;33=B

∑

j

|µ (Aj)| =
∑

j

∑

i

|µ (Aj ∩ Ei)| =
∑

i

∑

j

|µ (Aj ∩ Ei)| ≤
∑

i

|µ| (Ei) .

�. |µ| (E) 1<< ; O.5EJ .9@.5/NE/.5219 D;/=/>;/:5 /16N M;/8;7=3 27H<B18H8;4 .71BE |µ| (E) ≤
∑

i |µ| (Ei)
6;/�D;5 O.55://+

∑

i |µ| (Ei) ≤ |µ| (E) .
�9@;5J2 /.9@.5.3 ; ti ∈ R

27:8=3B; ti < |µ| (Ei) .
X 27H<B18H8 >.�5STJY�I; 27.BJ5E /1E.75.3 Ai,j (j = 1, 2, . . .) .9@8:2E�/ >H27IH53E M;/8;7=34 8./@.3B.∑j |µ (Ai,j)| > ti.�. ;7 Ei

M;/8;7=3 >J27IH53E:9; 8J;EE ;7 0227.2 Ai,j
M;/8;7 J2 >J27IH53E4 J/@.5 8�>=5 .9@ <;BESYTJ�I:E 3;<IH3 EY5.3+ 1BB. <.B27.

∑

i

ti <
∑

i

∑

j

|µ (Ai,j)| ≤ |µ| (E) .

�. .7 8J5>.5 ti < |µ| (Ei)
6;/�2 27:8 8.//.EE J9;74 E.M:E∑

i |µ| (Ei) ≤ |µ| (E) 6;/�D;5 O.55://+ ❏,J/:9=24 M=9@ M; ;>=EE .9@ 5.8 5.9;ES6 619.2 81BE134 ;33=B .55.3 1BE133127/.E. D.55. 6;5 .9@3=B/:E=2 12 7:BE J5E.B6;//H8D;5+ 1MM.7 M;2=5/�;5 ;7 J2 J9;74 M=9@ ;8.55@JD.5 ;>=EE .9@ 3=8</.
81BE134 :9@ ; 81BE13 1BE133127/.E. B127. .9@ 7:BE 30B5.3+ 17 E;/:5 8.9/.<N4 MJ27.5 A ⊆ B 5.8J8</J3:/I; |µ (A)| ≤ |µ (B)|YE4 .71BE µ (X) ∈ C
O./E1E./ 5.8 EA5J3 ./.9.5>N5.3+ X7E O=9IH3 8;I>8.98HE;E5J4 M=9@ 8J5>.5 E ∈ M

.2.E15 |µ (E)| ≤ |µ| (X) ∈ R.
1DDN/ ;7 ://SE:2D�/ 8J5>.5.2.EB. ;

|µ (E)| ≤ |µ| (E) .9@.5/NE/.5219 EBJ6J:/J24 12 8J6./ |µ| 81BE13 S9@ ./.9.5>N D./:E5J4 M=9@ |µ| (X) ∈ R.155.3 J9;7=/:2:M=7 .9@ ./.8J /.88; 306.E3.7J34 8./@M.7 T2;3 ; 3=8</.
 27:8=3 O=9;/8; 27P3Y219.2+
���<�4 �'��A�B$50$/$! � z1, . . . , zn

! �3�$) ���� ! ';5�7"�$9 =!! ' $�$!/$! ��/  �0�/ S ⊆ {z1, . . . , zn} '2��&���
����8 �$�0'$ ∣

∣

∑

i∈S zi

∣

∣ > 1
6

∑n
i=1 |zi| .

K,?@)3*;<=�X7
R2 2S3 |y| ≥ x

E1B5.9@.>1D. .2N z 3=8</.
 27:8=3B; √
2Re z ≥ |z| . ?./E.M.EN4 M=9@ .DD.E1B5.9@.>D. .2J3 ;7 ;7 S B127M;/8;74 8./@B. ∑

zi∈S |zi| ≥ 1
4

∑n
i=1 |zi| .

1BB. ;7 S B127M;/8;7B;
∣

∣

∑

zi∈S zi

∣

∣ ≥ Re
(
∑

zi∈S zi

)

=
∑

zi∈S Re zi ≥ 1
4
√

2

∑n
i=1 |zi| > 1

6

∑n
i=1 |zi| . ❏

���<�< :11*;<=�
F� µ $50 ! �3�$) �2'"2!8 �!! ' |µ| (X) < ∞, ���� ! �3�$) �2'"2! "$�� $� ���" ���� /$� /$5�"7�
�25$� �2'"2!9
K,?@)3*;<=�1/N270B ;7E 8HE;EIH3 8.94 M=9@ ;8.55@JD.5 Y ∈ M, |µ| (Y ) = ∞,

:9@ Y O./D=5EM;E� >J27IH53E
Y = A ∪ B 81BM.EN M;/8;7=3 .9@.2SE121B.4 M=9@ |µ (A)| > 1 12 |µ| (B) = ∞ + GJ6./ |µ| E./I.2
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6:/E=7:2 .9@ 81BE134 .71BE .MM.7 ./.9.5>N D./:E5J4 M=9@ |µ (A)| > 1 12 |µ (B)| > 1
J2 E./I.2P/+\.9@.5 t = 6 (1 + |µ (Y )|) . ,J/:9=24 M=9@ /1E.7J3 Ei (i = 1, . . . , n) 619.2 2=3 >J27IH53E M;/8;748./@B. ∪Ei ⊆ Y 12

t <

n
∑

i=1

|µ (Ei)| .

,;5 E.M:E =/@;5 S B127M;/8;74 M=9@ ∣∣∑i∈S µ (Ei)
∣

∣ > 1
6

∑n
i=1 |µ (Ei)|

+ \.9@.5 A .
= ∪i∈SEi.

133=B

|µ (A)| =

∣

∣

∣

∣

∣

∑

i∈S

µ (Ei)

∣

∣

∣

∣

∣

>
1

6

n
∑

i=1

|µ (Ei)| >
t

6
.

1DDN/ t
6 = 1 + |µ (Y )| > 1 8J;EE .9@B127E |µ (A)| > 1 306.E3.7J34 8:2B127E B .

= Y rA
I./0/122./

|µ (B)| = |µ (Y ) − µ (A)| ≥ |µ (A)| − |µ (Y )| > t

6
− |µ (Y )| ,

;8JDN/ t
6 − |µ (Y )| > 1 8J;EE |µ (B)| > 1

J2 O.55://+
�.9@P3 O./ J5>JB.3E4 M=9@ |µ| (X) = ∞.

133=B X = A1 ∪ B1
>J27IH53E .9@.2SE12315E4 M=9@

|µ (A1)| > 1 12 |µ| (B1) = ∞.
X/3;/8;76; ;7 ./N7N 9=5>=/;E=E B1

YB. 3;<IH34 M=9@ B1 = A2 ∪ B2>J27IH53E .9@.2SE12 ;/;3D;5 12 |µ (A2)| > 1, >. |µ| (B2) = ∞ J2 O.55://+ X7 ./I:B:2E O=/@E;E6;=/@;5 >J27IH53E An
M;/8;72=B=7;E=E 3;<H534 M=9@ 8J5>.5 ./.8B. |µ (An)| > 1, ;8J .//.5E8=5> ;

∑

µ (An) 2=B 3=56.B9.5TJ:I:5;3+ ❏�.DJ7=5@SE=EEH3 E.M:E ;7 ;/:DDJ ://SE:2E+
���<�? :11*;<=�

B$50$/ µ $50 ! �3�$) �2'"2!9 =!! ' µ 2'"2!!2���$"$ '2��$ ��  '*5� !;�233 /""� |µ| (X) �65�'� ��'"!;'�$�$�/$!9
���<�A &'()*+,-� .�05;0> �@?,;*� 0= )'2A;*� �<1;@?<=A6B$50$/ λ $50 $�%� $�$� �2'"2!9 �$�;�� $

λ+ .
=

1

2
(|λ| + λ) �����*/" λ− .

=
1

2
(|λ| − λ)

� λ �2'"2! <=7JES6 *��$"�$ 5.9;ES6 6:/E=7:2:E 9
���<�� GJ6./ ./NI./.2 81BE13.3 0227.9. J2 ./NI./.2 81BE134 .71BE λ+ 12 λ− 6;/�D;5 ./NI./.2 81BE13.3+ R=>. 8J5>.5 E ∈ M

8.//.EE |λ (E)| ≤ |λ| (E)4 .71BE −λ (E) ≤ |λ| (E) 12 λ (E) ≤ |λ| (E)
J2 O.55://+127.BJ5E |λ|+λ, .71BE λ+; 12 |λ| −λ, .71BE λ− J2 5.8 5.9;ES6 81BE13.3+ X8.55@JD.5 λ 619.24 :9@

λ+ 12 λ− J2 ;7+
���<�
 :11*;<=� .�@5GA)�/01' /'1J@);<=, ;0;'16B$50$/ λ $50 �25$� $�%� $�$� �2'"2!9 =!! ' � λ+ 3 �*"7� ���" ��� 2� � λ− /$5�"7� ���" ��� &������#755�2/0$! �25$� /$� /$5�"7� �2'"2!$!8 " ��99�

λ = λ+ − λ− �����*/" |λ| = λ+ + λ−.
K,?@)3*;<=�X7 ./N7N.3 27.BJ5E T2;3 ; 3J.8./E .9@.5/.E.3.E 3.// J5>=3=/5H53+ �. ;7 E./I.2.5 EBJ6J4 MJ27.5 λ+ +
λ− = 1

2 (|λ| + λ+ |λ| − λ) = |λ| 12 M;2=5/�;5 λ+ − λ− = 1
2 (|λ| + λ− (|λ| − λ)) = λ. ❏G=2E ; _;M5YO./D=5E:2J E1E./B. E1BP53 B:+ 1MM.7 ./N270B :/E;/:5=2SE;5H53 3.// ; ^;>=5YRJ3=>@8E1E./E ;BB; ;7 .2.EB.4 8J3=B λ ./NI./.2 81BE13+

���<�� �.9@P3 O./4 M=9@ λ � µ.
133=B |λ| � µ

O.5:// MJ27.54 M; µ (B) = 0, ;33=B ;55;3 8J5>.5 A ∈ M,
A ⊆ B B127M;/8;7:B; J2 µ (B) = 0, ;8JDN/ ;7 ;D27=/:E O=/@E=5=22:9 8J;EE 8:B4λ (A) = 0

J2 O.55://+1DDN/ <.B27. |λ| (B) = 0 8:B 306.E3.7J3+ 133=B 6J27=5E ; <=7JES6 6:/E=7:2 12 5.9;ES6 6:/E=7:2>.�5STJ�I:B; 9=5>=/6; λ+ � µ 12 λ− � µ.
X/3;/8;7M;E� E.M:E ; ^;>=5YRJ3=>@8 E1E./5.3 ;5.8 5.9;ES6 81BE13.3B. 6=5;E3=7� ;/;3I;+ ];<H53 E.M:E h+, h− ∈ L1 (µ)

OP99615@.3.E4 8./@.3B.
λ+ (E) =

∫

E
h+ dµ 12 λ− (E) =

∫

E
h− dµ.

1DDN/ <.B27. λ (E) =
∫

h+ − h− dµ.
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B$50$/ µ $50 $�%� $�$� �2'"2!9 =!! ' �2"$�*! h �2'&$"% #755�2/0 ��$�0'$

µ (E) =

∫

E

h d |µ| �����*/" |h| = 1.

��$//0*9$/ µ �25$� $�%� $�$� �2'"2!8 �50 h ∈ L1 (|µ|) .
K,?@)3*;<=��BJ6J4 M=9@ µ � |µ| , .71BE ; ^;>=5YRJ3=>@8YE1E./ 8J;EE /1E.7J3 h 81BM.EN OP99615@4 8./@B.
µ (E) =

∫

E
h d |µ| 8J5>.5 E ∈ M

81BM.EN M;/8;7B;+ X8.55@JD.5 |µ| (E) 6= 0, ;33=B
∣

∣

∣

∣

1

|µ| (E)

∫

E

h d |µ|
∣

∣

∣

∣

=
|µ (E)|
|µ| (E)

≤ 1,

;8JDN/ 306.E3.7J34 M=9@ |µ| 8;I>5.8 8J5>.5 x ∈ X 8.//.EE −1 ≤ h (x) ≤ 1.\.9@.5 8=2E r ∈ (0, 1)
E.E27N/.9.2 27:8 12 Ar

.
= {x ∈ X : |h (x)| < r} . 1/19 8.98HE;E5H534M=9@ |µ| (Ar) = 0, MJ27.5 {x ∈ X : |h (x)| < 1} = ∪∞

n=1

{

x ∈ X : |h (x)| < 1 − 1
n

} 12 |µ| 81BE13+X/3=22:3 ;7 Ej
M;/8;7=3 ;7 Ar

<;BESTJ�I:E4 E.M:E Ar = ∪Ej
12 Ej ∩Ei = ∅ (j 6= i) .

GJ5>.5 Ej
YB.

|µ (Ej)| =

∣

∣

∣

∣

∣

∫

Ej

h d |µ|
∣

∣

∣

∣

∣

≤
∫

Ej

|h| d |µ| <
∫

Ej

r d |µ| = r |µ| (Ej) .

171BE ∑
j |µ (Ej)| < r

∑

j |µ| (Ej) = r |µ| (Ar) .
GJ6./ 1<< ; D;/=/>;/J 27H88:3 27H<B18H8;

|µ| (Ar) ,
.71BE .DDN/ |µ| (Ar) < r |µ| (Ar)

J2 306.E3.7J34 ;8J r < 1 8J;EE T2;3 ;DD;5 ;7 .2.ED.5/.M.E219.24 M; |µ| (Ar) = 0. ❏

���<��� :11*;<=�B$50$/ µ $50 /$� /$5�"7� �2'"2! 2� g ∈ L1 (µ)
#755�2/09 �*��5 �8 & 50 $!! ' λ (E)

.
=
∫

E
g dµ*/"$5'�� �25$� $�%� $�$� �2'"2!$" >$�/*��9 = �2'"2! "$�� $����" ����'��

|λ| (E) =

∫

E

|g| dµ,

" ��99� � 3 �"*7� 2� /$5�"7� ���" ��� !'��

λ+ (E) =

∫

E

g+ dµ �����*/" λ− (E) =

∫

E

g− dµ.

K,?@)3*;<=�X/3;/8;77H3 ;7 ./N7N ://SE:2E λ 81BE13B.+ 133=B /1E.7J3 |h| = 1
OP99615@4 M=9@

∫

E

g dµ = λ (E) =

∫

E

h d |λ| .

�9@ 8J5>.5 E ∈ M
81BM.EN M;/8;7B;

|λ| (E) =

∫

E

1 d |λ| =

∫

E

h2 d |λ| =

∫

E

hh d |λ| =

∫

E

h dλ =

∫

E

hg dµ

�. |λ| 5.8 5.9;ES6 81BE134 .71BE hg ≥ 0
E./I.2P/ µY8;I>5.8 8J5>.5PEE+ �9@ hg = |hg| = |g| J2O.55://4 ;7;7 |λ| (E) =

∫

E
|g| dµ 6;/�D;5 E./I.2P/ 8J5>.5 E ∈ M

8.//.EE+X <=7JES6 6:/E=7:2B; 6=5;E3=7� ://SE:2 J9;7=/:2:M=7
λ+ (E) =

1

2
(|λ| + λ) (E) =

∫

E

1

2
(|g| + g) dµ =

∫

E

g+ dµ,

12 M;2=5/�;5 ;>�>J3 ; 5.9;ES6 6:/E=7:2B; 6=5;E3=7� λ− (E) =
∫

E
g− dµ

O=B8H/; J2+ ❏
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���<��. :11*;<=� .�A�) /'1J@);<=, ;0;'1'6B$50$/ �� (X,M) �2'&$"% "2'$/ µ $50 �25$� $�%� $�$� �2'"2!9 =!! 'X # $�9 /"&�"� >*���6/!" A 2� B&����� ! $50$�7"2�2'$ �508 & 50 � �2'"2! µ+ 3 �*"7� ���" ���� � µ�/$! �� A�'� ! /�$/"'��" '2��$82� � µ− /$5�"7� ���" ���� � µ�/$! B �'$ ! /�$/"'��" '2��$ �$50$/9 � /" ��99�/� �2"$�*! A,B ∈ M

8
A ∩B = ∅, A ∪B = X �$�0$!'$

µ+ (E) = µ (E ∩A) �����*/" µ− (E) = −µ (E ∩B) .

K,?@)3*;<=�\:EEH34 M=9@ /1E.7J3 h ∈ L1 (|µ|) 4 |h| = 1
OP99615@4 8./@B. µ (E) =

∫

E
h d |µ| O.5:// 8J5>.5

E ∈ M
8.//.EE+ \.9@.5 A .

= {x ∈ X : h (x) = 1} 6;/;8J5E B .
= {x ∈ X : h (x) = −1} . ,J/:9=24M=9@ A ∪ B = X 12 A ∩ B = ∅, A,B ∈ M,

E=6:DD: ;7 J2 3055@.5 /:E27J34 M=9@ h+ = χA.�.E27N/.9.2 E ∈ M
.2.E15 ; ;7 ./N7N ://SE:2 <=7ES6 6:/E=7:2B; 6=5;E3=7� B127. 27.BJ5E

µ+ (E) =

∫

E

h+ d |µ| =

∫

E

χA d |µ| =

∫

E

χAh d |µ| =

∫

E∩A

h d |µ| = µ (E ∩A) .

166./ ; <=7JES6 B127B. 6=5;E3=7� ://SE:2E J9;7=/EH3 J2+ X 5.9;ES6 B127B. 6=5;E3=7� ://SE:2 8:B 30Y6.E3.7J3 ; O.5EJ O=B8H/:D�/ MJ27.5 EH>IH34 M=9@ µ (E) = µ+ (E) − µ− (E) 12 5@J/6:5 µ (E) =
µ (E ∩A) + µ (E ∩B) . ❏


